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Cross-Country Technology Diffusion

So far, we’ve been discussing how the invention of new technologies promotes economic growth

by pushing out the “technological frontier” and allowing capital to be allocated across new

and old technologies with diminishing returns setting in. This is clearly an important aspect

of economic growth. However, we should remember that only a very few countries in the

world are “on the technological frontier”—most places are not relying on Apple to invent a

new gadget to promote efficiency. One way to illustrate this point is to estimate the level of

total factor productivity for different countries in the world.

An important paper that did these calculations and used them to shed light on cross-

country income differences is the paper on the reading list by Hall and Jones (1999). The

basis of the study is a “levels accounting” exercise that starts from the following production

function

Yi = Kα
i (hiAiLi)

1−α (1)

Like the BLS multifactor productivity calculations that we discussed a few lectures ago,

Hall and Jones account for the effect of education on the productivity of the labour force.

Specifically, they construct measures of human capital based on estimates of the return to

education—this is the hi in the above equation.

Hall and Jones show that their production function can be re-formulated as

Yi
Li

=
(
Ki

Yi

) α
1−α

hiAi (2)

Hall and Jones then constructed a measure hi using evidence on levels of educational attain-

ment and they also set α = 1/3. This allowed them to use (2) to express all cross-country

differences in output per worker in terms of three multiplicative terms: capital intensity, hu-

man capital per worker, and technology or total factor productivity. They found that output
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per worker in the richest five countries was 31.7 times that in the poorest five countries. This

was explained as follows:

• Differences in capital intensity contributed a factor of 1.8.

• Differences in human capital contributed a factor of 2.2

• The remaining difference—a factor of 8.3—was due to differences in TFP.

The results from this paper show that differences in total factor productivity, rather than dif-

ferences in factor accumulation, are the key explanation of cross-country variations in income

levels. A more detailed table of Hall and Jones’s calculations is reproduced on the next page.

These calculations show that most countries are very far from the technological frontier, so

their growth is not likely to be reliant on the invention of new technologies.
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Table from Hall-Jones Paper
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Leaders and Followers

The Romer model probably should not be thought of as a model of growth in any one partic-

ular country. No country uses only technologies that were invented in that country; rather,

products invented in one country end up being used all around the world. Thus, the model is

best thought of as a model of the leading countries in the world economy. How then should

long-run growth rates be determined for individual countries? By itself, the Romer model

has no clear answer, but it suggests a model in which ability to learn about the usage of new

technologies should plays a key role in determining output per worker.

We will now describe such a model. The mathematics of the model are also formally

equivalent to a well-known model of Nelson and Phelps (AER, 1966), though the application

there is different, their subject being the diffusion of technological knowledge over time within

an individual country.

The Model

We will assume that there is a “lead” country in the world economy that has technology level,

At at time t which grows at rate g every period, so that

Ȧt
At

= g (3)

All other countries in the world, indexed by j, have technology levels given by Ajt < At. The

growth rate of technology in country j is determined by

Ȧjt
Ajt

= λj + σj
(At − Ajt)

Ajt
(4)

where λj < g and σj > 0. This tells us that technology growth in all countries apart from the

lead country is determined by two factors
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• Learning: The second term says that their technology level will grow faster the bigger

is the percentage gap between its level of technology, Ajt and the level of the leader,

At. The larger is the parameter σj, the better the country is at learning about the

technologies being applied in the lead country.

• The first term, λj indicates the country’s capacity for increasing its level of technology

without learning from the leader. We impose the condition λj < g. This means that

country j can’t grow faster than the lead country without the learning that comes from

having lower technology than the frontier.

Exponential Growth

You’ve probably heard about exponential functions before but, even if you have, it’s worth a

quick reminder. The number e ≈ 2.71828 is a very special number such that the function

dex

dx
= ex (5)

One way to see why the number is 2.718 is to use something called the Taylor series approxi-

mation for a function, which states that you can approximate a function f(x) as

f(x) = f(a)+f ′(x)(x−a)+
1

2
f ′′(x))(x−a)2 +

1

3!
f ′′′(x))(x−a)3 + ...

1

n!
fn(x))(x−a)n+ ... (6)

where n! = (1)(2)(3)...(n − 1)(n). If there is a number, e that has the property that ex =

f(x) = f ′(x), then that means that all derivatives also equal ex. In this case, we have

ex = ea + ea(x− a) +
1

2
ea(x− a)2 +

1

3!
ea(x− a)3 + ... (7)

Setting x = 1, a = 0, this becomes

e = 1 +
1

2
+

1

3!
+

1

4!
+ ..... (8)
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This converges to 2.71828. Ok, that’s not on the test but worth knowing. Now note that

degt

dt
=

degt

d(gt)

d(gt)

dt
= gegt (9)

Now let’s relate this back to our model. The fact that the lead country has growth such that

dAt
dt

= Ȧt = gAt (10)

means that this country is characterised by what is known as exponential growth, i.e.

At = A0e
gt (11)

We write the first term as A0 because e(g)(0) = 1 so whatever term multiplies egt that is the

value that At takes in the first period.

Dynamics of Technology

Now we are going to try to figure out how the technology variable behaves in the follower

country. First, lets take equation (4) and multiply across by Ajt to get

Ȧjt = λjAjt + σj (At − Ajt) (12)

This is what is known as a first-order linear differential equation (differential equation because

it involves a derivative; first-order because it only involves a first derivative; linear because it

doesn’t involve any terms taken to powers than are not one.) These equations can be solved

to illustrate how Aj changes over time. To do this, we first draw some terms together to

re-write it as

Ȧjt + (σj − λj)Ajt = σjAt (13)

Recalling equation (11) for the technology level of the leader country, this differential equation

can be re-written as

Ȧjt + (σj − λj)Ajt = σjA0e
gt (14)
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Now we’ll move on to illustrating how people figure out how an Ajt that satisfies this equation

needs to behave.

One Possible Solution

Let’s think about what we learned about exponential functions to help us see what form a

potential solution might take. The derivative of Ajt with respect to time plus (σj − λj) times

Ajt can be written as a multiple of the exponential function.

Looked at this way, we might guess that one possible solution for an Ajt process that will

satisfy this equation is something of the form Bje
gt where Bj is some unknown coefficient.

Indeed, it turns out that this is the case. Let’s figure out what Bj must be. It must satisfy

gBje
gt + (σj − λj)Bje

gt = σjA0e
gt (15)

Canceling the egt terms, we see that

Bj =
σjA0

σj + g − λj
(16)

So, this solution takes the form

Apjt = Bje
gt =

(
σj

σj + g − λj

)
A0e

gt =

(
σj

σj + g − λj

)
At (17)

A General Solution

Is that it or could we add on an additional term and still get a solution? Suppose we look for

a solution of the form

Ajt = Bje
gt +Djt (18)
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Then the solution would have to obey

gBegt + Ḋjt + (σj − λj)
(
Begt +Djt

)
= σjA0e

gt (19)

All the terms in egt cancel out because, by construction of Bj, they satisfy equation (15). This

means the additional term Djt must satisfy

Ḋjt + (σj − λj)Djt = 0 (20)

Again using the properties of the exponential function, this equation is satisfied by anything

of the form

Djt = Dj0e
−(σj−λj)t (21)

where Dj0 is a parameter that can take on any value. So, given the differential equation (12),

all possible solutions for technology in country j must take the form

Ajt =

(
σj

σj + g − λj

)
At +Dj0e

−(σj−λj)t (22)

where Dj0 is an arbitrary parameter than can take any value.

Properties of the Solution

Now we like to examine the properties of this solution. Does technology in the follower country

catch up and, if not, where does it end up and why? To answer these questions, it is useful

to express Ajt as a ratio of the frontier level of technology. This can be written as

Ajt
At

=
σj

σj + g − λj
+
Dj0

At
e−(σj−λj)t (23)

Now using the fact that At = A0e
gt, this becomes

Ajt
At

=
σj

σj + g − λj
+
Dj0

A0

e−(σj+g−λj)t (24)
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To understand the properties of this solution, recall that we assumed λj < g, which means

that on its own (without catch-up growth) the follower country’s level of technology grows

slower than the leader country and also that σj > 0 (some learning takes place). Putting

these two assumptions together, we can say

σj + g − λj > 0 (25)

That means that

e−(σj+g−λj)t → 0 as t→∞ (26)

This means that the second term in (24) tends towards zero. So, over time, as this term

disappears, the country converges towards a level of technology that is a constant ratio,

σj
σj+g−λj of the frontier level, and its growth rate tends towards g.

Note that g − λj > 0 also means that

0 <
σj

σj + g − λj
< 1 (27)

so each country never actually catches up to the leader but instead converges to some fraction

of the lead country’s technology level. This makes sense if you think about it. Because of their

inferiority at developing their own technologies (λj < g) the follower countries will always be

falling further behind the leader unless there is a gap between their level of technology and

the leader. So, to have a steady-state in which everyone’s technology is growing at the same

rate, the followers must all have technology levels below that of the leader.

In addition, g − λj > 0 means that

d

dσj

(
σj

σj + g − λj

)
> 0 (28)

The equilibrium ratio of the country’s technology to the leader’s depends positively on the

“learning parameter” σj. The higher this parameter—the more fo the gap to the leader that
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it closes each period—then the close the ratio gets to one and the higher up the “pecking

order” the country gets. It’s also true that

d

dλj

(
σj

σj + g − λj

)
> 0 (29)

In other words, the more growth the country can generate each period independent of learning

from the leader, the higher will be its equilibrium ratio of technology relative to the leader.

Illustrating the Model

Going back to the equation for the ratio of technology in country j to the leader, equation

(24), we noted already that the second term tends to disappear to zero over time. That

doesn’t mean it’s unimportant. How a country behaves along its “transition path” depends

on the value of the initial parameter Dj0.

• If Dj0 < 0, then the term that is disappearing over time is a negative term that is

a drag on the level of technology. This means that the country starts out below its

equilbrium technology ratio, grows faster than the leader for some period of time with

growth eventually tailing off to the growth rate of the leader.

• If Dj0 > 0, then the term that is disappearing over time is a positive term that is

boosting the level of technology. This means that the country starts out above its

equilbrium technology ratio, grows slower than the leader for some period of time with

growth eventually moves up towards the growth rate of the leader.

We have illustrated how these dynamics would work with the first two charts at the back

of the notes. These charts show model simulations for a leader economy with g = 0.02 and a
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follower economy with λj = 0.01 and σj = 0.04. These values mean

σj
σj + g − λj

=
0.04

0.04 + 0.02− 0.01
= 0.8 (30)

so the follower economy converges to a level of technology that is 20 percent below that of

the leader. The first collection of charts show what happens when this economy has a value

of Dj0 = −0.5, so that it starts out with a technology level only 30 percent that of the leader.

They grow faster than the leader country for a number of years before they approach the

0.8 equilibrium ratio and then their growth rate settles down to the same rate as that of the

leader.

The second collection of charts show what happens when this economy has a value of

Dj0 = 0.5, so that it starts out with a technology level 30 percent above that of the leader,

even though the equilibrium value is 20 percent below. Technology levels in this follower

country never actually decline but they do go through a long-period of slow growth rates

before eventually heading towards the same growth rate as the leader as they approach the

0.8 equilibrium ratio.

Finally, we show how the model may also be able to account for the sort of “growth

miracles” that are occasionally observed when countries suddenly start experiencing rapid

growth: If a country can increase its value of σj via education or science-related policies, its

position in the steady-state distribution of income may move upwards substantially, with the

economy then going through a phase of rapid growth. The third collection of charts show

what happens when, in period 21, an economy changes from having σj = 0.005 to σj = 0.04.

The equilbrium technology ratio changes from one-third to 0.8 and the economy experiences

a long transitional period of rapid growth.

An important message from this model is that for most countries, it is not their ability to
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invent new capital goods that is key to high living standards, but rather their ability to learn

from those countries that are more technologically advanced.

Things to Understand from these Notes

Here’s a brief summary of the things that you need to understand from these notes.

1. Evidence on the sources of cross-country differences in output per worker.

2. The model’s assumptions and the meaning of its parameters.

3. Exponential growth: The properties of the function egt.

4. The model’s differential equation and its two-part solution method.

5. Properties of the solution: How dynamics depend on σj, λj and Ag0.

6. How the model can explain long periods of rapid growth or protacted slumps.

7. “What if” scenarios: What happens if a parameter changes?
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A Follower Starts Out Below Their Equilibrium Technology Ratio
g=0.02, Lambda(j)=0.01, Sigma(j)=0.04

Technology Levels Over Time
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A Follower Starts Out Above Their Equilibrium Technology Ratio
g=0.02, Lambda(j)=0.01, Sigma(j)=0.04

Technology Levels Over Time
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An Increase in the Rate of Learning
Sigma(j) Increases from 0.005 to 0.04 in Period 21

Technology Levels Over Time
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