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1. Introduction

Since Akerlof (1970), adverse selection problems in insurance markets have been associated with

higher premiums and the possibility that markets collapse. This paper discusses how these results

can change when we weaken the assumptions that consumers know their probability of loss and

that insurers are price takers. Neither assumption holds in real-world insurance markets. The evi-

dence, as presented by Sydnor (2010), Barseghyan et al. (2013) and Abito and Salant (2019), shows

that consumers hold heterogeneous subjective beliefs about their probability of loss, distinct from

their objective risk. Indeed, in an application to auto insurance markets, Cohen and Einav (2007)

show idiosyncratic components account for more of the variation in insurance demand than hetero-

geneity in objective risk. Insurance markets also typically feature suppliers with market power, as

discussed by Stiglitz (1977) and Mahoney and Weyl (2017). In some cases, this arises from natural

monopolies such as manufacturers selling warranties on their own products but, more generally, the

highly regulated nature of insurance markets tends to reduce competition.

We use a pooled insurance framework to show that once customers with identical objective loss

probabilities have heterogeneous beliefs about this risk, and insurers have market power, the stan-

dard results about adverse selection can be reversed. We show how, within realistic ranges for risk

and belief heterogeneity, greater adverse selection can leave premiums unchanged or even reduce

them. We also describe examples in which, for higher levels of risk heterogeneity, rather than col-

lapse, markets continue existing but gradually stop serving lower-risk consumers.

The pooled full-insurance environment studied here is a natural one. Contracts like this are com-

mon: extended warranties, smartphone protection plans, travel insurance policies, and many health

and car insurance products are sold through relatively simple pooled pricing structures despite sub-

stantial heterogeneity in risks and beliefs. In addition, regulations such as the EU’s ban on gender-

based pricing and restrictions on the use of genetic or medical history information in health and life

insurance, often mandate pooled pricing. More generally, while the insurance literature has typically

focused on insurers responding to adverse selection by offering a wide menu of screening contracts,

as in Rothschild and Stiglitz (1976), practicality often requires offering a limited number of contracts,

each of which will be purchased by consumers with varying levels of risk.

Model features and results
Our framework features a continuum of customers with varying objective risk of loss. Each customer

has a subjective belief about their probability of loss that equals its true value plus an idiosyncratic

component. We present two approaches to modeling the idiosyncratic element of beliefs and con-

sider three different approaches to modeling risk heterogeneity.

Our initial implementation makes the form of risk heterogeneity very general, assuming only that

belief heterogeneity is large enough so that the fraction of all risk groups that buys the insurance lies
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between zero and one at the profit-maximizing premium. In this case, when individual beliefs de-

viate from the group’s objective probability by a random amount drawn from the same distribution

for every risk group, demand curves for different risk groups are parallel shifts of one another. This

implies aggregate demand is identical to that of a homogeneous population with the same mean risk,

which means the extra claims generated by a riskier pool can act like a fixed reduction in profit, but

do not change profit-maximizing premium. However, sufficiently high risk heterogeneity can still

lead to the market collapsing: the market either exists at a fixed price or else it collapses.

Since the extent of belief heterogeneity about risk likely scales with actual risk probabilities, the

paper focuses more on a second specification, in which consumers who face higher objective risk

also disagree more, in absolute terms, about their own probability of loss. Sydnor (2010) and Abito

and Salant (2019) both find that overestimation of claim rates scales with objective risk rather than

remaining constant across risk groups. In this case, demand curves for different risk groups are

not parallel: higher-risk consumers hold wider absolute distributions of belief and this makes them

less price-sensitive than lower-risk consumers. This means aggregate demand is steeper than in the

homogeneous benchmark in which all consumers have the same loss probability. As a result, adverse

selection can lower premiums relative to this benchmark. Again, however, sufficiently high risk

heterogeneity can lead to the monopoly insurance market collapsing. We explain the importance

of market structure for these findings by showing how the traditional result of adverse selection

worsening prices still holds for this model with perfect competition and that premiums in a Cournot

equilibrium tend toward competitive levels as the number of insurers increases.

We then present a specific model of risk heterogeneity — objective risk varies across customers

according to a factor of proportionality drawn from a uniform distribution — that allows for an an-

alytical solution. If risk heterogeneity is large enough, some low-risk groups decide not to purchase

any insurance but we find that the market does not collapse. Once lower-risk groups start to leave

the market, higher risk heterogeneity begins to raise optimal premiums and the market survives by

charging these higher premiums to an ever-worsening risk pool. We show how this result also ap-

plies to Cournot oligopoly when the number of insurers is small, though the rising premium result

typically occurs at higher levels of risk heterogeneity than are likely seen in real insurance markets.

Our last model of risk heterogeneity assumes a truncated Normal distribution for risk probabil-

ities and beliefs about them, truncated from below so negative risk probabilities or beliefs are not

possible. This does not have an analytical solution but numerical calculations point to similar uncon-

ventional conclusions. Premia still fall slightly as risk heterogeneity rises from low levels — though

by less than under uniformly distributed risk and beliefs — before rising but, again, without the

market collapsing.

Our base case assumes the insurer offers a full insurance contract. We also consider the case

where a monopolist can choose coinsurance jointly with the premium, and find that full coverage
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departs from optimality only when loss size and risk aversion are simultaneously pushed well be-

yond plausible values.

Finally, the paper also derives the consequences of replacing risk-based pricing — in which the in-

surer can observe each risk group’s identity and charge group-specific premiums — with pooled pric-

ing. With proportionally scaled beliefs, pooled pricing can increase total welfare under monopoly,

because the insurer’s ability to extract surplus from high-risk consumers’ belief distortion outweighs

the efficiency gains from pricing being better aligned with risk.

Relation to existing theoretical work
Our model is best related to the existing theoretical literature via its three key features: variation in

willingness to pay across customers with identical risk (formulated here via differences in beliefs), a

pooled insurance contract, and imperfect competition.

The theoretical literature on welfare in insurance markets with heterogeneous willingness to pay

includes Finkelstein and McGarry (2006), Cohen and Einav (2007), Einav, Finkelstein and Cullen

(2010), Spinnewijn (2013, 2017) and Handel, Kolstad and Spinnewijn (2019). Spinnewijn (2013) con-

siders heterogeneous beliefs and includes a monopoly insurer, but applies this to insurers selling a

menu of screening contracts. Spinnewijn (2017) uses additive heterogeneity in willingness to pay,

motivated by heterogeneous beliefs, frictions and bounded rationality and applies this to pooled

contracts, but uses a competitive market structure and does not consider the impact of heterogeneity

on premiums.

Stiglitz (1977) studied a monopoly insurer with a range of risk types but did not incorporate

heterogeneity in willingness to pay and focuses on screening contracts. Mahoney and Weyl (2017)

provide a general, reduced-form framework for imperfect competition in pooled insurance markets

with adverse selection, but do not derive a belief-based microfoundation for demand heterogeneity.

The specific pricing and welfare results that we present here turn out to depend crucially on all three

of the key features.

Roadmap
Section 2 sets out the baseline framework of agents with CRRA utility and fully “interior” demand. It

derives the “neutrality” finding of premiums not depending on the extent of risk heterogeneity right

up to the point where the market collapses. Section 3 alters the model so that belief deviations scale

proportionally with objective risk, derives the result that monopoly premiums fall as adverse selec-

tion increases and compares this with outcomes under perfect competition and Cournot oligopoly.

Section 4 presents a model where both objective risks and beliefs are uniformly distributed, while

Section 5 considers both as truncated Normals. Section 6 discusses coinsurance. Section 7 analyzes

the welfare consequences of imposing pooled pricing, comparing outcomes under pooled and risk-

based pricing across the two specifications and market structures.
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2. Common Belief Heterogeneity Across Risk Types

This section presents a model in which the extent of belief heterogeneity is unrelated to the level of

objective risk.

2.1. Setup

We normalize initial wealth to one. Customers have a probability of incurring a loss of size L ∈ (0, 1).

There is a continuum of risk groups, indexed by i. Group i’s objective probability of loss is pi, with

population mean E[pi] = p. Within group i, individual consumers face the same objective risk pi but

differ in their subjective beliefs about it.

There is a monopoly insurer who offers a single full insurance contract: a contract that pays the

entire loss L if it occurs, in exchange for a premium R paid upfront. Consumers have CRRA utility

in wealth

u(w) =
w1−ρ

1− ρ
(1)

for ρ ̸= 1, with logarithmic utility u(w) = log(w) when ρ = 1. A consumer in group i with subjective

belief p̃ about the loss probability has expected utility from remaining uninsured of

E [uunins] = (1− p̃)u(1) + p̃ u(1− L) (2)

With full insurance at premium R, certain utility is u(1−R). For realistically small premiums relative

to wealth, we expand u(1−R) around R = 0 to give1

u(1−R) ≈ u(1)−Ru′(1) (3)

Under CRRA with wealth normalized to one, u′(1) = 1. The criteria for choosing to purchase insur-

ance, u(1−R) ≥ E [uunins], becomes

u(1)−R ≥ (1− p̃)u(1) + p̃ u(1− L) (4)

Rearranging, this becomes

R ≤ p̃ [u(1)− u(1− L)] ≡ p̃A (5)

where

A ≡ u(1)− u(1− L) =
1− (1− L)1−ρ

1− ρ
(6)

1The approximation error in the Taylor expansion u(1 − R) ≈ u(1) − Ru′(1) is of order R2u′′(1)/2. Since the error is
second order in R, it is small for any realistic premium. For example, with CRRA utility and risk aversion coefficient ρ,
the relative error is of order R2ρ/2. At a premium of R = 0.03 — meaning three percent of wealth — and ρ = 2, this is
approximately 0.09 percent, which is negligible for most purposes.



5

is the utility value of eliminating the loss, with A = − log(1− L) under log utility. A consumer with

subjective loss probability p̃ is therefore willing to pay up to p̃A for the contract.

2.2. Belief Structure and Demand

Consider first the case where the distribution of the difference between beliefs and true loss proba-

bilities is the same for all possible values of the true probability. This idiosyncratic component has a

uniform distribution so individual j in risk group i has subjective loss probability

p̃ij = pi + νj νj ∼ U [−γ, γ] (7)

where γ > 0 indexes the degree of idiosyncratic belief heterogeneity. They purchase the insurance if

(pi + νj)A ≥ R =⇒ νj ≥ R/A− pi (8)

The fraction of consumers in risk group i who purchase is thus

Di(R) =
γ + pi −R/A

2γ
(9)

truncated to [0, 1], and the insurer’s expected profit from risk group i is (R− piL)Di(R).

We assume that in the region of the profit-maximizing premium, demand for all risk groups lies

between zero and one. This is essentially an assumption about the extent of belief heterogeneity

relative to variations in true risk. It means that, at the optimal premium, even among the group

with the lowest possible risk, someone is willing to purchase the insurance, while not everyone in

the group with the highest risk is willing to purchase. These can be considered a useful baseline

given the evidence cited above that variation in idiosyncratic willingness to pay appears to be large

relative to actual risk heterogeneity. We later use an example with fully-specified risk heterogeneity

to show that while this assumption can break down, it only tends to do so for unrealistic parameter

combinations.

These assumptions imply the following result.

Proposition 1: Let pi have mean p and second moment σ2 ≡ E[p2i ]. Beliefs are given by equation 7 and
assume the resulting demand Di(R), locally to the profit-maximizing value of R, lies in [0, 1] for every risk
group. Then the expected-profit-maximizing premium and profits are

R∗ =
Aγ + p(A+ L)

2
(10)

Π∗ =
(R∗)2

2Aγ
− Lp

2
− Lσ2

2γ
(11)
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and, letting z ≡ Aγ + p(A− L), profits are zero when

σ2
0 = p2 +

z2

4AL
(12)

and negative for σ2 > σ2
0 : beyond this point, the pooled insurance contract is not profitable for a monopolist.

Proof: Averaging the demand function over the population, expected profit is

Π(R) = E

[
(R− piL)

(
γ + pi −R/A

2γ

)]
(13)

Expanding the term inside the expectation as a polynomial in pi, we get

(R− piL)(γ + pi −R/A) = −Lp2i +

(
R+

LR

A
− Lγ

)
pi +

(
Rγ − R2

A

)
(14)

Taking expectations over pi and simplifying gives

Π(R) =
1

2γ

[
Rγ +Rp

(
1 +

L

A

)
− R2

A
− Lγp− Lσ2

]
(15)

Differentiating with respect to R and solving gives

R∗ =
Aγ + p(A+ L)

2
(16)

Substituting R∗ back into Π(R) and collecting terms gives

Π∗ =
(R∗)2

2Aγ
− pL

2
− Lσ2

2γ
(17)

This is linear and strictly decreasing in σ2, so it has at most one zero. Solving Π∗ = 0 for σ2 gives

σ2
0 = (R∗)2/(AL)− γp, which simplifies directly to p2 + z2/(4AL). ■

The model thus retains the classic market collapse result but it does not feature the gradual in-

crease in premiums. The optimal premium depends on the average loss probability p but does not

depend on any other moment of risk distribution. The adverse selection problem acts as subtraction

from profits and does not affect pricing but, once this subtraction from profits gets large enough, the

market collapses.

The mechanism is easiest seen in a simple two-type version of the model, with a high-risk group,

pH = p(1 + κ) and a low-risk group, pL = p(1− κ), of equal size. In this case, maximized profit is

Π∗(κ) =
(R∗)2

2Aγ
− pL

2
− p2(1 + κ2)L

2γ
(18)
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which is strictly decreasing in κ: heterogeneity erodes profit through the adverse selection cost

Lp2κ2/(2γ), but leaves the price completely unaffected.

Figure 1 shows the demand and profit curves for p = 0.10, L = 0.05, ρ = 2.0 and κ = 0.25.

Defining D0(R) as the baseline level of demand when there is only one risk type with a probability p

of loss, the high-risk group’s demand curve DH(R) lies above the baseline and the low-risk group’s

DL(R) lies below it. However, the average of DH and DL coincides exactly with D0 at every premium

up to and beyond the profit-maximizing level: the two demand curves are symmetric deviations

around the homogeneous baseline, so the aggregate demand facing the monopolist is identical to

what it would face with a homogeneous population at the mean risk p. Optimal pricing depends on

the elasticity of this demand curve and so it is the same.

The graph shows that there is a point above the optimal premium where demand for the lower

risk groups goes to zero and we see kinks in the aggregated demand and profit curves. These param-

eter values fit with the assumption of fully interior demands for both groups at the profit-maximizing

premium, but this would not necessarily hold for higher values of κ.
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Figure 1: Two-type model illustration with common belief heterogeneity for all risk groups
(p = 0.10, L = 0.05, ρ = 2.0, κ = 0.25).
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3. Belief Heterogeneity Scaled With True Risk

Common additive belief heterogeneity for each value of pi is simple and produces clean results but

it is not very realistic. Suppose the heterogeneity parameter is γ = 0.01. This formulation means the

variation in beliefs when pi = 0.02 ranges from pij = 0.01 to pij = 0.03 while the same variation when

pi = 0.10 goes from pij = 0.09 to pij = 0.11. With a 2% loss probability, the most pessimistic person

believes the risk is three times higher than the most optimistic person’s belief, while a 10% probability

of risk sees only a 22% difference between the most pessimistic and optimistic person. This seems

inconsistent with the evidence from Sydnor (2010) and Abito and Salant (2019) that overestimation

of loss risks scales with objective risk. Here we present a specification in which belief heterogeneity

scales with the actual risk level.

3.1. Belief Structure and Demand

We assume now that individual j in risk group i has subjective loss probability

p̃ij = pi(1 + νj) νj ∼ U [ℓ, h] (19)

where νj is independent of pi. A consumer cannot believe their risk is less than zero, so underesti-

mation is bounded, ℓ ≥ −1, while overestimation is not. We work with ℓ = −1, the natural floor at

which the most skeptical consumer believes they face no risk whatsoever (p̃ij = 0); h is left free and

can exceed 1, so the most pessimistic consumer’s belief is not capped at twice the true risk, consistent

with the evidence of systematic over-pessimism among those who purchase insurance products.

Consumer (i, j) purchases insurance if

pi(1 + νj)A ≥ R (20)

giving demand

D(pi, R) = 1− R

Api(h− ℓ)
= 1− R

Api(1 + h)
(21)

truncated to [0, 1], where the last equality uses ℓ = −1. In this case, demand is linear in 1/pi rather

than in pi itself, which drives the key result below.

Proposition 2: Let pi have mean p and finite q ≡ E[1/pi]. Beliefs are given by equation 19 and assume
the resulting demand D(pi, R) lies in [0, 1] for every risk group in the population at the profit-maximizing
premium. Then

R∗ =
A(1 + h) + L

2q
(22)

and any mean-preserving increase in the spread of pi strictly increases q and hence strictly decreases R∗. Let
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β ≡ A(1 + h) + L. Then

Π∗(q) =
β2

4A(1 + h)q
− pL (23)

Π∗ is strictly decreasing in q and equals zero exactly at

q0 ≡
1

p
+

[A(1 + h)− L]2

4ALp(1 + h)
(24)

and Π∗ < 0 for q > q0: beyond this point, the pooled insurance contract is not profitable for a monopolist. The
aggregate quantity sold at R∗,

Q∗(q) = 1− R∗q

A(1 + h)
=

A(1 + h)− L

2A(1 + h)
(25)

does not depend on q: however risk is distributed across the population, the monopolist sells exactly the same
total quantity, adjusting only the price at which it does so.

Proof: The insurer’s expected profit is

Π(R) = E

[
(R− Lpi)

(
1− R

Api(1 + h)

)]
(26)

Taking expectations gives

Π(R) = R− Lp− R2q

A(1 + h)
+

LR

A(1 + h)
(27)

Differentiating with respect to R and solving gives

R∗ =
A(1 + h) + L

2q
(28)

R∗ is strictly decreasing in q for any q > 0. Since 1/pi is a strictly convex function of pi, Jensen’s

inequality implies that any mean-preserving spread of pi — holding E[pi] = p fixed while increasing

dispersion — strictly increases q = E[1/pi]. Greater risk heterogeneity therefore strictly lowers the

profit-maximizing premium.

Substituting R∗ = β/(2q) into Π(R) and simplifying gives Π∗(q) as stated; it is a strictly decreasing

function of q for q > 0, so it has at most one zero. Solving Π∗ = 0 for q gives β2 = 4A(1 + h)Lpq, i.e.

q0 = β2/[4ALp(1 + h)], which simplifies to 1/p+ [A(1 + h)− L]2/[4ALp(1 + h)].

Aggregate quantity at price R is Q(R) = 1 − Rq/[A(1 + h)], from averaging D(pi, R) across the

population. Substituting R∗ = β/(2q) directly:

Q∗(q) = 1− 1

A(1 + h)

β

2q
q = 1− β

2A(1 + h)
=

A(1 + h)− L

2A(1 + h)
(29)
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The q inside R∗ and the q multiplying it in Q(R) cancel exactly, leaving no q in the result. ■

The model again retains the standard intuition that sufficient risk heterogeneity can eventually

cause the market to collapse. But prior to market collapse, the effect on pricing is the opposite of the

usual intuition. As risk heterogeneity increases, the monopoly insurer reduces premiums.

Proposition 2 places no restriction on how risk is distributed across the population, other than the

requirement that D(pi, R) ∈ [0, 1]. If there is only one risk type, q = 1/p and the monopolist charges

pβ/2, selling Q∗. If instead there are several observably different risk groups and the monopolist can

set a separate price for each, its profit is additively separable across groups — neither the demand

nor the cost of serving group i depends on the price charged to any other group — so pricing group i

optimally is exactly the single-group problem with q = 1/pi: it charges piβ/2 and again sells Q∗, the

same quantity as every other group. Full price discrimination across risk types and pooling everyone

into a single price therefore sell exactly the same aggregate quantity; only the price charged, and who

ends up buying it, differs between the two.

3.2. Two-Type Intuition

The intuition for the behavior of premiums described in Proposition 2 is again easiest explained with

a simple two-type version of the model. Figure 2 shows demand and profit curves for p = 0.10,

L = 0.05, ρ = 2.0 and κ = 0.25.

The low- and high-risk demand curves are no longer parallel. High-risk consumers have wider

belief distributions in absolute terms — their willingness-to-pay pH(1 + νj)A ranges over a wider

dollar interval than the low-risk group’s — making their demand curve less steep than the homoge-

nous baseline. Low-risk consumers, in contrast, are more price sensitive and this is the dominant

effect on the aggregate demand curve’s slope. The slope of the demand curves scale with 1/pi and

the average of 1/p (1− κ) and 1/p (1 + κ) is larger than 1/p due to Jensen’s inequality.

As a result, the aggregate demand curve D(R) lies below the homogeneous baseline D0(R) at any

given premium: the pool is, in aggregate, more elastic than a homogeneous population at the mean

risk p. This shifts the profit-maximizing premium downward: adverse selection makes the marginal

consumer more price-sensitive relative to the average, so the monopolist gains more from cutting

the price to retain them than from raising it. The chart also shows the optimal premium R∗
0 from the

homogeneous case where all customers have loss risk of p.

The charts again show that as premiums rise above the profit-maximizing level, low-risk demand

goes to zero and there is a kink in the profit function. In this case, the global optimal profit level

is prior to this kink but, as we discuss later, for sufficiently high risk heterogeneity (most likely,

unrealistically high), this “truncated” case can be the global optimal solution for the insurer.
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Figure 2: Two-type model illustration with belief heterogeneity scaling with risk (p = 0.10, L = 0.05,
ρ = 2.0, κ = 0.25). R∗

0 is the premium if there was one type with loss rate equal to the average of the
two-type case.
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3.3. Other Market Structures

To further explore the role of market structures in driving these results, here we consider a zero-profit

competitive market and a Cournot oligopoly.

Proposition 3. (Proof in Appendix A.1). Let q, q0 and β be defined as in Proposition 2 and retain the same
assumptions about beliefs and demands, then if q ≤ q0, the zero-profit competitive premium is

RPC =
β −

√
β2 − 4ALp(1 + h)q

2q
(30)

RPC equals the actuarially fair premium pL when q = 1/p and is strictly increasing in q throughout. If
q > q0, no premium allows insurers to break even while serving every risk group.

Proposition 4. (Proof in Appendix A.2). Let q, q0 and β be defined as in Proposition 2 and retain the
same assumptions about beliefs and demands. Consider n symmetric firms that share aggregate claims cost in
proportion to output share. A symmetric Cournot equilibrium with non-negative profit exists if and only if
q ≤ q0 for every n. When it exists, the total quantity of insurance sold is

Q∗
n =

n[A(1 + h)− L] +
√

n2[A(1 + h)− L]2 − 4A(1 + h)(n+ 1)L(n− 1)(pq − 1)

2A(1 + h)(n+ 1)
(31)

and premiums are
R∗

n = A(1 + h)(1−Q∗
n)/q (32)

As q → q0, Q∗
n → Q∗ = [A(1 + h) − L]/[2A(1 + h)] for every n and, for any fixed q ≤ q0, R∗

n → RPC as
n → ∞.

These propositions show the crucial role played by market structure in deriving the result that

increasing risk heterogeneity drives lower premiums. Competitive pricing implies the traditional

result of gradually higher premiums followed by market collapse holds in the presence of heteroge-

neous beliefs. The Cournot results show that the pricing will generally be in between competitive and

monopoly, so whether premiums rise or fall with mean-preserving spreads of the risk distribution

will depend on the extent of competition in the market.
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4. Uniformly Distributed Loss Probabilities

We have thus far only considered cases where there is an interior solution to the demand problem for

all risk groups. This was an implicit assumption about belief heterogeneity being sufficiently large

relative to risk heterogeneity, and it allowed for very general results about the impact of risk hetero-

geneity on premiums and volumes. Here, we use an explicit specification for risk heterogeneity. We

assume risk probabilities are uniformly distributed. Specifically, we assume

pi = p(1 + δi) δi ∼ U [−κ, κ] (33)

and use this formulation of risk to derive solutions for the optimal premium when interior solutions

do not always hold.

4.1. Monopoly

We first show how monopoly pricing changes with this new specification of risk heterogeneity. The

original premium formula is correct as long as there is an “interior” solution with demand for each

group between one and zero. But once this condition does not hold, both pricing and market collapse

results change.

Proposition 5. (Proof in Appendix A.3). Let pi = p(1 + δi), δi ∼ U [−κ, κ], and let νj ∼ U [−1, h],
so demand is D(δi, x) = max{0,min{1, 1 − x/[pi(1 + h)]}} where x ≡ R/A. Let q(κ) ≡ E[1/pi] =

ln[(1 + κ)/(1− κ)]/(2κp), and let κ∗ be the unique value of κ ∈ (0, 1) solving

κ∗ [A(1 + h) + L] = A(1− κ∗)(1 + h) ln

(
1 + κ∗

1− κ∗

)
(34)

The profit-maximizing premium is

R∗(κ) =


A(1 + h) + L

2q(κ)
, κ ≤ κ∗

A(1 + h)cMp(1 + κ), κ > κ∗

(35)

where B ≡ [A(1 + h) + L]/[2A(1 + h)] and cM is the unique solution in (0, 1) to B(1− cM ) = −cM ln cM ,
depending only on B — hence only on A, L, and h — not on κ. This function is continuous and so does not
have a jump at κ∗.

This proposition has a number of implications, proved formally as corollaries in appendix A.4.

For a fixed set of parameters, p, L, ρ and h, premiums fall as κ rises up to κ∗ and then rise linearly

with it. Economically, cM is the marginal (lowest-risk) buyer’s risk as a fraction of the population’s

highest risk, p̄ = cMp(1 + κ). The proof of Proposition 5 shows that this fraction is fixed by B alone,

and is independent of κ. This means the truncated-regime premium A(1+h)cMp(1+κ) is a constant
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markup applied to the population’s risk ceiling, which is why the premium rises linearly in κ once

truncation begins.

Note that the κ∗ here is distinct from our earlier results about market collapse. From equation

24 for the zero profit point for monopolists, you can obtain an implicit equation for the level of κ

consistent with zero profits under the interior-regime premium. However, that value is irrelevant

here, since κ∗ is below it. By the time risk heterogeneity has reached that value of κ, lower-risk

groups are already fully dropping out, rendering the previous aggregate demand formula (and its

collapse prediction) incorrect. Above κ∗, the optimal premium now involves both the implications

of higher premiums for interior demand functions but also a Leibniz rule element in which the lower

limit of the integral also changes with premiums. The result is a kink in the optimal premium, so that

premiums shift from falling to rising linearly with extent of risk heterogeneity.

In relation to volumes, Proposition 2 already showed that quantity in the interior regime is inde-

pendent of κ. However, volumes fall once truncation excludes the lowest-risk types,

Q∗
II(κ) =

(1 + κ) [(1− cM ) + cM ln cM ]

2κ
(36)

Since νj ∼ U [−1, h] is only bounded below, a high-risk individual with pi = p(1+κ) and a highly

pessimistic belief draw νj = h perceives a loss probability of p(1+κ)(1+h), which exceeds one once

κ and h are both large enough. To keep every displayed parameterization economically meaningful,

κ is capped at 0.8 in every figure in this section, satisfying p(1+κ)(1+h) ≤ 1 for every h shown; this

only binds for h close to 4.5 and is well above the range of κ relevant to the results discussed below.

Figures 3 and 4 plot R∗(κ) and Π∗(κ), with p = 0.10, L = 0.05, ρ = 2.0, ℓ = −1, and h ranging from

1 to 4.5 in steps of 0.5. The solid portion of each curve shows outcomes when all groups’ demands

are between zero and one and the dashed portion is the truncation branch.

Figure 3 shows premiums falling from their homogeneous-risk benchmark, reaching a minimum

at κ∗(h), and then rising linearly through the truncated regime. Both branches shift upward and

κ∗(h) moves right as h increases. In Figure 4, by contrast, Π∗(κ) passes smoothly through κ∗(h) with

no kink. Below κ∗(h), maximized profits fall in a concave fashion as κ rises but this decline then

switches to being convex, so the market never collapses. The move to the truncated solution, and

thus rising premia with increased risk heterogeneity, starts at about κ = 0.28 for the lowest value

of h. This already implies a significant amount of risk heterogeneity—the riskiest group has a loss

probability almost twice the lowest risk group—and this threshold level rises for higher levels of h,

which appear more consistent with the evidence cited above.

Another way to summarize the same model is in terms of the profit rate on premiums actually

accepted, Π∗(κ)/[R∗(κ)Q∗(κ)] — profit per dollar of premium revenue collected. Figure 5 plots this

profit rate for the same parameters and the same range of h. This rises in h and falls in κ up to the
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truncation point, after which it is flat.

At h = 1, νj ∼ U [−1, 1] has mean zero, so the average consumer’s perceived risk equals the true

risk exactly, yet the profit rate at κ = 0 already ranges from 29% to 36%. The mechanism in this case is

not biased beliefs — customers are on average correct in their risk assessments — but disagreement:

consumers underestimate and overestimate their risk in offsetting amounts but the product is priced

for those who overestimate so the price can be well above the actuarially fair rate. A similar result has

been provided by Hegarty and Whelan (2026) in the context of sports betting: bookmakers’ profits

rise with disagreement among bettors about probabilities, even if the bettors are on average correct

in their beliefs. For h > 1, the population’s average belief is biased upwards, further reinforcing

higher premiums. Profit rates at h = 4.5 range from 65–71%.

These magnitudes are broadly consistent with the empirical evidence on high profit rates for

extended warranties in Abito and Salant (2019). They find that probability distortion is the dominant

driver of both demand and profit in that market, and report back-of-envelope margins of 62–73% on

TV warranties (their Table 2) alongside a structurally estimated retailer margin of roughly 46%. Our

h parameter plays the analogous role to their probability-distortion estimates: in both cases, a larger

upward distortion of perceived risk is associated with a substantially higher profit share, holding the

underlying cost and market structure fixed. These high profit rates may reflect people having less

accurate beliefs about unusual events like appliances breaking than about their own health or the

chance of their car breaking down.

The results here temper the new element of our previous results (the flat premium) while under-

mining the traditional element (the market collapse prediction). In relation to pricing, our previous

results showed premiums falling as risk heterogeneity increased, but incorporating some risk groups

choosing not to purchase any insurance implies that premiums will rise once adverse selection prob-

lems become severe enough. But we also find that our earlier results about markets collapsing as

adverse selection problems worsen may not hold. Under this model of risk heterogeneity, the market

instead moves to dropping low-risk customers. Our numerical results suggest, however, that the

new regime implied here—with low-risk customers dropping out altogether and premiums rising

with risk heterogeneity—requires high levels of risk heterogeneity relative to belief heterogeneity.

This may mean the “interior” regime results are the more empirically relevant ones.
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Figure 3: The optimal premium R∗ as a function of risk heterogeneity κ, for h ∈ {1, 1.5, . . . , 4.5}
(with p = 0.10, L = 0.05, ρ = 2.0, ℓ = −1).
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Figure 4: Maximized profit Π∗ as a function of risk heterogeneity κ, for the same values of h and
parameters as Figure 3.
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Figure 5: Profit rate on premiums accepted, Π∗/(R∗Q∗), as a function of risk heterogeneity κ, for the
same values of h and parameters as Figure 3.
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4.2. Competition

The role of market structure in generating our findings can again be emphasized by deriving the

competitive equilibrium for this model of risk heterogeneity.

Proposition 6. (Proof in Appendix A.5). Let the distributions of risk probabilities and beliefs be as assumed
in Proposition 5 and let β and q(κ) be as defined earlier. Let κtrunc,C be the value of κ at which the interior
zero-profit premium RPC(κ) as defined in equation 30 equals Rexit(κ) ≡ Ap(1−κ)(1+h), the price at which
the lowest-risk type’s demand reaches exactly zero. For κ ≤ κtrunc,C , the equilibrium premium RPC(κ) is the
interior formula of Proposition 3. For κ > κtrunc,C ,

RPC(κ) = A(1 + h)cCp(1 + κ) (37)

where cC ∈ (0, 1) solves

2c2C ln cC − (2B + 1)c2C + 4BcC − 2B + 1 = 0, B ≡ β

2A(1 + h)
(38)

cC depends only on B, not on κ. Provided AcM (1 + h) > L, where cM solves the (different) equation
B(1 − cM ) = −cM ln cM from Proposition 5’s proof, the market never collapses: RPC(κ) exists for every
κ ∈ (0, 1), and the population share still served,

Share(κ) =
(1 + κ)(1− cC)

2κ
(39)

converges to the strictly positive limit 1− cC as κ → 1.

Note that condition AcM (1 + h) > L implies that the premium exceeds the cost of insuring the

riskiest, least profitable type in the population, Lp(1 + κ). Margin per policy falls in risk, so if even

that type is served profitably, every buyer is. Figure 6 plots RPC(κ) for the same values of h used

throughout this paper. Unlike the monopoly premium’s V-shape, each curve rises monotonically,

continuing smoothly past κtrunc,C rather than terminating there.
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Figure 6: The competitive (zero-profit) premium RPC as a function of risk heterogeneity κ, for the
same values of h and parameters as Figure 3. Unlike the monopoly premium, RPC rises

monotonically and never collapses.
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4.3. Cournot Oligopoly

The following establishes the Cournot solution for this specification of risk heterogeneity.

Proposition 7. (Proof in Appendix A.6). Let pi = p(1 + δi), δi ∼ U [−κ, κ], νj ∼ U [−1, h], let β ≡
A(1 + h) + L, B ≡ β/[2A(1 + h)], and consider n symmetric firms that share aggregate claims cost in
proportion to output share. For κ below a threshold κn (no closed form; rises from κ∗ at n = 1 to κtrunc,C as
n → ∞), Q∗

n(κ) is the interior Cournot solution of Proposition 4, specialized to uniform δi. For κ > κn,

R∗
n(κ) = A(1 + h)cnp(1 + κ) (40)

where cn ∈ (0, 1) solves

n ln(cn)
[
2c2n ln cn − (2B + 1)c2n + 4Bcn − 2B + 1

]
+Rem(cn) = 0 (41)

with
Rem(c) ≡ 4B(c− 1)2 + 2B ln(c)(1− c2) + 2c2 ln2 c− ln(c)(3c− 1)(c− 1) (42)

cn depends only on B and n, not on κ. At n = 1, cn equals monopoly’s own constant (Proposition 5, solving
B(1−cM ) = −cM ln cM ). As n → ∞, the bracketed term must vanish, so cn → cC , the competitive truncated
constant of Proposition 6.

Figure 7 plots the premium under monopoly, Cournot with n = 2, 3, 10, and perfect competition

together at a single value h = 2. The rankings follow the extent of market power, with premiums

falling as the number of competitors rises. For Cournot, premiums initially fall with κ when there

are a small number of competitors but switch to always rising as the number of competitors gets big

enough.

Figure 8 shows the corresponding volumes – the fraction of customers that buy the insurance –

for the same parameter values. This shows that variations in market power produce large deviations

in the fraction buying insurance, with volumes more than twice as high under competition as under

monopoly. Interestingly, however, while quantities typically decline as risk heterogeneity increases,

none of these markets come close to collapsing, with all quantities remaining well above zero, even

at the maximum level of adverse selection possible for this calibration, κ = 1.

In relation to which of the regimes is likely to correspond to reality – premiums falling as risk

heterogeneity or rising with it — the lowest transition point is for the monopoly case, where the

transition occurs at κ ≈ 0.37. This is a situation in which the highest risk group is 2.19 times more

risky than the lowest group, which is already a substantial amount of heterogeneity. These truncation

points rise as competition increases. Calculations also show them rising as h increases. Overall, it

seems possible that the regime with falling premiums is an empirically relevant one.
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Figure 7: Premiums under monopoly, Cournot oligopoly (n = 2, 3, 10), and perfect competition, all
at a single fixed h = 2.0 (with p = 0.10, L = 0.05, ρ = 2.0, ℓ = −1), as functions of risk heterogeneity

κ. Circles and the square mark each curve’s terminal point.
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Figure 8: Fraction insured under monopoly, Cournot oligopoly (n = 2, 3, 10), and perfect
competition, all at a single fixed h = 2.0 (with p = 0.10, L = 0.05, ρ = 2.0, ℓ = −1), as functions of

risk heterogeneity κ. Circles and the square mark each curve’s terminal point.
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5. Truncated Normal Distributions

Propositions 5, 6 and 7 assume both δi and νj are drawn from uniform distributions. The uniformity

assumption for δi is not always relevant. As described above, within the interior regime of demand

for all groups in (0, 1), the formulas for premiums in Propositions 2 to 4 hold for any mean-p distribu-

tion of objective risk with finite E[1/pi], with uniformity entering only through the closed-form value

of q(κ) itself. However, uniformity of νj has been a key assumption all along, since it has determined

the precise form of the demand function for each risk group.

To check how influential the uniformity assumption is, we also solved the monopoly version of

the model numerically for a range of values of h and κ with lower-truncated Normal distributions

for both pi and νj that have the same mean and variance as the uniform distributions we have been

using. The objective risk pi was truncated at zero and the proportional belief parameter νj was

truncated at -1, ruling out negative probability beliefs.2 As in Section 4, κ is capped at 0.8 so that no

individual’s perceived loss probability, pi(1 + νj), exceeds one for any of the values of h shown.

Figure 9 shows the profit-maximizing monopoly premiums for the same range of different speci-

fications of both risk and belief heterogeneity. The truncated distributions are defined by means and

variances rather than the single parameter values h and κ. What we show however, is the premiums

obtained from the truncated Normal distributions that correspond to the same means and variances

as the displayed values of these parameters generate in the uniform case.

The figure shows premiums still initially decline as κ rises from low values, though the effect

is much weaker than with uniform distributions. They then transition to rising with κ in a more

smooth fashion than under uniform distributions: the sharp kink shown before was a consequence

of the uniform distribution. Once premiums begin to rise, volumes behave similarly to the uniform

distribution case.

Overall, these results are compatible with the earlier findings. There is a realistic range of values

for which worsening adverse selection does not raise pooled premiums under monopoly. And, rather

than collapse, the market responds to higher rates of risk heterogeneity by raising premiums in a

smooth fashion with volumes gradually declining but never going to zero.

2Section B has a full description of the numerical methods used.
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Figure 9: The optimal premium R∗ with truncated Normal distributions for pi and νj with means
and variances equal to uniform distributions with the displayed values of h and κ (with p = 0.10,

L = 0.05, ρ = 2.0, ℓ = −1).
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6. Coinsurance

So far, we have assumed the insurer only offers full coverage. However, a monopoly insurer might

instead prefer to provide only partial coverage, for instance via requiring a deductible. Here, we

extend the proportional beliefs model of Section 3 to let the monopolist choose a coinsurance rate

jointly with the premium, so that only a fraction ω of the loss is covered, with the customer incurring

the rest.

Incorporating the insurer being able to pick both a premium and a coinsurance rate into the

model in Section 4 does not produce an analytical solution for the profit-maximizing policy. Instead,

we solved for the optimal policy in two steps. First, we fixed a specific coinsurance rate ω and obtain

an analytical solution for the profit-maximizing premium for this rate. Then we used numerical

methods to search over the range of possible values for ω to find the value associated with the highest

profits.

The fixed coinsurance rate problem generalizes two objects used in Section 4. A is replaced by

Aω ≡ u(1−(1−ω)L)−u(1−L) and L is replaced by Lω ≡ ωL. A consumer with subjective probability

p̃ij = pi(1 + νj) is willing to pay Aωp̃ij for coverage ω, and purchases whenever Aωpi(1 + νj) ≥ R,

i.e. whenever νj ≥ R/(Aωpi)− 1. Demand from risk class i is therefore Di(R) = 1−R/[Aωpi(1 + h)]

truncated to [0, 1]. This means the problem is identical in form to Proposition 5, just with Aω replacing

A and Lω replacing L and thus the previous analytical results about the influence of risk and belief

heterogeneity also apply to coinsurance for a fixed ω.

Fixing ω and substituting Aω and Lω for A and L throughout the proof of Proposition 5 gives a

new regime threshold κ∗(ω). Defining κ∗(ω) in an analogous fashion to equation 34 above, we find

that for κ ≤ κ∗(ω), premiums and profits are

R∗
I(ω, κ) =

Aω(1 + h) + Lω

2q(κ)
(43)

Π∗
I(ω, κ) =

[Aω(1 + h) + Lω]
2

4Aω(1 + h)q(κ)
− Lωp (44)

and for κ > κ∗(ω), premiums and profits are

R∗
II(ω, κ) = Aω(1 + h)cM (ω)p(1 + κ) (45)

Π∗
II(ω, κ) =

p(1 + κ)2(1− cM (ω)) [AωcM (ω)(1 + h)− Lω]

4κ
(46)

where cM (ω) solves Bω(1− cM (ω)) = −cM (ω) ln cM (ω) where Bω ≡ [Aω(1 + h) + Lω]/[2Aω(1 + h)].

The second step in the optimal coinsurance problem is to choose the value of ω that generates the
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highest profits. For each κ, this requires solving

ω∗(κ) = arg max
ω∈[0,1]

Π∗(ω, κ) (47)

using whichever of Π∗
I(ω, κ) or Π∗

II(ω, κ) applies at that (ω, κ) pair. This problem has no closed-form

solution so it was solved numerically, evaluating Π∗(ω, κ) on a fine grid of ω ∈ [0, 1] for each κ and

taking the maximizer.

The results point to full insurance (ω = 1) as the profit-maximizing policy for most of the pa-

rameter space we considered. Across a grid of loss sizes L ∈ {0.1, . . . , 0.5}, risk aversion parameters

ρ ∈ {0.5, 1, . . . , 5} and belief heterogeneity parameters h ∈ {1, . . . , 4.5}, full coverage is optimal for

almost all combinations. Departures from full coverage only emerge as optimal when L and ρ are

both near the top of this range, and only for h near 1: coverage returns to exactly 1.000 for all combi-

nations with h ≥ 1.5. The lowest optimal coverage rate, for h = 1, L = 0.5, ρ = 5, is ω∗ ≈ 0.941.

One concern about these calculations is that, for some of the examples considered, those with

high levels of both potential loss and risk aversion, the linear approximation to the utility function

in equation 3 may not be as accurate. Solving the model numerically with the exact CRRA utility

function rather than the linearized demand curve gives similar results. The lowest value of the

coinsurance rate derived was ω∗ ≈ 0.857, with full coverage being optimal for all values by h ≈ 2.5.

The calculations thus suggest that full insurance is therefore the optimal pooled contract, or nearly

so, for realistic parameters.
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7. Application: Pooling versus Risk-Based Pricing

Some risk factors, such as age, location or gender, are directly observable to insurers, so they can

choose to set premiums based upon them. However, regulators can require insurers to ignore an

observable factor, setting the same price for all customers. Examples include various types of com-

munity rating in health insurance and the EU’s ban on gender-based pricing in auto and life insur-

ance. Here, we assume insurers can see each group’s risk type and will charge separate premiums

whenever policy allows it, and ask whether mandating pooled pricing raises or lowers welfare, and

how the answer depends on market structure. All derivations are in Appendices A.7 and A.8.

7.1. Two Concepts of Welfare

Under risk-based pricing, an insurer that can observe each group’s risk type can charge a separate

premium Ri to each group, tailored to that group’s own risk. Under pooled pricing, a single premium

R applies to everyone regardless of risk type. In assessing the welfare implications of these two

options, you can consider two different concepts of welfare.

One approach is to follow Einav, Finkelstein and Cullen (2010) and define total welfare as the

insurer’s profit plus consumer surplus, with surplus calculated from willingness to pay. This is a

natural choice but willingness to pay is a function of the buyer’s subjectively perceived probability

of loss, not the true probability. Spinnewijn (2017) shows that when willingness to pay deviates from

the true value of insurance, welfare measures built on it can be systematically misleading about the

impacts of policy changes.

In our case, a policy maker might instead want to know how much a buyer’s insurance is gen-

uinely worth to them: not their own willingness to pay, pi (1 + νj)A, but the value of the cover-

age evaluated at the true risk probability, piA. We call this the objective welfare criterion, and the

willingness-to-pay-based measure the subjective criterion, and make the objective criterion our prin-

cipal measure.

We use the proportional beliefs model of Section 3 to calculate objective consumer surplus and

welfare under both pooled and risk-based pricing. In the interest of space, and because our earlier

calculations generally pointed to this being the most realistic region, we assume here that the under-

lying parameter values correspond to demand from all risk groups being between zero and one.

For a single risk group facing premium Ri, the total objective consumer surplus, obtained from

multiplying the surplus for each individual by total coverage, is

CSi(Ri) = (Api −Ri)Di(Ri) = Api −Ri −
Ri

1 + h
+

R2
i

Api(1 + h)
(48)
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The profit earned by the insurer from this group is

Πi(Ri) = (Ri − Lpi)Di(Ri) = Ri − Lpi +
LRi

A(1 + h)
− R2

i

Api(1 + h)
(49)

Adding profit to consumer surplus gives objective welfare

Wi(Ri) = (A− L)

[
pi −

Ri

A(1 + h)

]
(50)

which is linear in Ri because the curvatures in consumer surplus and in profit cancel. Higher premi-

ums for each group mean lower coverage and this reduces welfare.

Aggregating welfare, summing across the population of risk groups, does not require knowing

the entire schedule of premiums Ri: the population average depends on just one summary statistic

of the schedule, its mean µ1 ≡ E[Ri].

7.2. Competition

With risk-based pricing, each group is priced at Ri = piL, giving identical demand Dc ≡ 1−L/[A(1+

h)] across every group, since pi cancels. Price equals expected cost, so profit is zero and

CSRB
C = WRB

C = p(A− L)Dc (51)

This is independent of κ: risk-based pricing fully accommodates risk heterogeneity, so its extent is

irrelevant to welfare under this benchmark.

With pooled pricing, a single price RPC , derived in Proposition 6, clears the market at zero profit,

so CS = W . Aggregating actual surplus over the population and imposing the zero-profit condition

gives

WPool
C = (A− L)

(
p− RPC

A(1 + h)

)
(52)

so that

WPool
C −WRB

C =
A− L

A(1 + h)

(
pL−RPC

)
(53)

Since RPC = pL at κ = 0 and is strictly increasing in κ, pooling strictly reduces welfare relative

to risk-based pricing whenever risk is heterogeneous, by an amount that grows with κ: adverse

selection pushes the pooled price above what the population’s mean risk alone would justify.
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7.3. Monopoly

With risk-based pricing, the monopolist maximizes (Ri − piL)Di(Ri) by setting RM,RB
i = piβ/2.

Demand is

Dm = 1− β/[2A(1 + h)] = Dc/2 (54)

which is the standard monopoly halving of quantity under linear demand. Total objective welfare is

WRB
M = p(A− L)Dm = 1

2W
RB
C (55)

The optimal pooled price is Proposition 2’s R∗ = β/[2q(κ)]. Objective welfare takes the identical

functional form as pooled competition, evaluated at this price:

WPool
M = (A− L)

(
p− β

2A(1 + h)q(κ)

)
(56)

Comparing to risk-based monopoly, average welfare across all groups is

WPool
M −WRB

M =
A− L

A(1 + h)

(
pβ

2
− β

2q(κ)

)
(57)

In this case, the impact of pooling on welfare is the opposite of the competitive case: since R∗ = pβ/2

at κ = 0 and is strictly decreasing in κ in the assumed interior region, pooling raises welfare relative

to risk-based pricing under monopoly, by an amount that grows with κ. Removing the distortions

associated with monopoly power provides welfare gains that strictly offset the reductions due to the

pricing inefficiencies associated with different risk groups being charged the same premiums.

The increase in welfare is solely due to rising consumer surplus because the insurer’s profit falls

under pooling due to its reduced pricing flexibility:

ΠPool
M −ΠRB

M = −
(
pq(κ)− 1

)
β2

4A(1 + h) q(κ)
(58)

This is strictly negative for κ > 0.

These results can be explained as follows. Section 3 established that pooling and risk-based pric-

ing produce the same total quantity of coverage; only the composition of buyers changes. At any

fixed price, demand Di(R) is strictly increasing in pi. Under risk-based pricing this is irrelevant,

since every group faces its own tailored price and ends up buying at the identical rate. Under pool-

ing, everyone faces the same price R∗, high-risk groups buy more than they would at their own fair

price and low-risk groups buy less.

Total consumer surplus rises because the same quantity of coverage is now serving a riskier pop-

ulation, and coverage is worth more, objectively, to riskier buyers — Api rises with pi. Coverage is
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also costlier to provide with pooling, since Lpi rises with pi too, so the insurer’s profit falls. Because

A > L, the value of serving an additional high-risk buyer always exceeds the cost of doing so, so the

two effects do not offset: welfare rises.

7.4. Some Calculations of Welfare Effects

Table 1 describes how a switch from risk-based pricing to pooling affects objective consumer surplus,

the insurer’s profit and total objective welfare. To provide concrete numbers, we assume risk hetero-

geneity is determined by the uniform distribution described in Section 4. The table reports a range

of values of h and κ, with the other parameters set to the values used in the rest of the paper. In each

case, the parameters chosen produce the interior solution.

The figures in the table are expressed as the dollar change scaled by the same reference point,

total welfare under risk-based pricing, WRB
M , at that value of h. This has the advantage that the

columns are additive by construction: the consumer surplus and profit columns sum exactly to the

welfare column in every row. The results show that the welfare gains from pooling rise with risk

heterogeneity, κ, and fall with the belief heterogeneity parameter, h, with the former effect being

stronger than the latter. Gains in consumer surplus become very large for high values of κ, with

gains equal to over 50% of welfare under risk-based pricing, with reductions in profits also being

over 50% of this benchmark.

Table 2 shows that the losses in objective welfare implied by pooled pricing under competition are

much more modest, with the maximum loss due to pooling being 1.5 percentage points for κ = 0.3

and h = 1. The losses also get smaller as h increases because belief heterogeneity becomes more im-

portant in driving demand relative to risk heterogeneity, thus reducing the welfare losses generated

by adverse selection.
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Table 1: Monopoly, objective welfare: change from switching to pooled pricing, in percentage points
of risk-based welfare WRB

M , at p = 0.10, L = 0.20, ρ = 2.0, across h = 1.0, 2.0, and 3.0. Columns sum
exactly: Consumer Surplus + Profit = Welfare in every row. κ is restricted to 0.30 or below so that

all three panels stay within the interior regime.

κ Consumer Surplus Profit Welfare

h = 1.0

0.10 +6.24 −5.46 +0.78

0.20 +25.16 −22.02 +3.15

0.30 +57.41 −50.23 +7.18

h = 2.0

0.10 +6.06 −5.48 +0.58

0.20 +24.45 −22.12 +2.33

0.30 +55.78 −50.47 +5.31

h = 3.0

0.10 +6.52 −6.02 +0.50

0.20 +26.28 −24.26 +2.02

0.30 +59.97 −55.36 +4.61
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Table 2: Competition, objective welfare: change from switching to pooled pricing, in percentage
points of risk-based welfare WRB

C , at p = 0.10, L = 0.20, ρ = 2.0. Profit is zero and consumer surplus
coincides with welfare under both pricing regimes, so only welfare is shown.

κ h = 1.0 h = 2.0 h = 3.0

0.10 −0.15 −0.04 −0.02

0.20 −0.62 −0.18 −0.09

0.30 −1.50 −0.43 −0.20

7.5. Subjective Welfare

The subjective welfare criteria comparisons are derived fully in Appendix A.8. Under competition,

the impact of pooled pricing on welfare agrees in sign with the objective criterion result, for the same

reason: risk-based pricing already prices every group at its own actuarially fair premium, so pooling

can only push the price up. Under monopoly, consumers perceive the switch to pooling as being

positive for consumer surplus, just as it is under the objective criterion. One difference, however, is

that total subjective welfare only rises under pooling when A(1 + h) > 3L; when this does not hold,

the fall in profit outweighs the perceived rise in consumer surplus.
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8. Conclusion

It is widely understood that the adverse selection problems associated with widening the range of

objective risk among customers can lead to higher prices and potential market collapse under pooled

insurance.

This paper has shown that, under realistic conditions, these results may not hold. Incorporating

heterogeneous beliefs about the probability of loss, we show that whether adverse selection raises

premiums, leaves them unchanged, or lowers them depends on how willingness to pay is related

to risk and whether insurers have market power. We have shown examples in which greater risk

heterogeneity has no effect on premiums and in which it actually reduces them. We have also shown

examples in which high levels of risk heterogeneity do not cause collapse, but instead lead to rising

premiums and lower coverage, without ever moving the market towards no coverage. The effect

of adverse selection ultimately depends on the interaction between selection, demand heterogeneity,

and market structure.

Our framework explains why monopoly providers of insurance for products that have significant

heterogeneity in beliefs about loss probabilities—such as appliance warranties or travel insurance—

can offer pooled contracts with very high profit rates. It also provides a concrete way to assess the

welfare consequences of pooled pricing policies that require insurers to charge a common premium

to consumers with different risks. While pooling is inefficient when markets are competitive, we

show that pooled pricing can raise both welfare and consumer surplus under monopoly because the

inefficiency created by monopoly pricing exploiting consumers’ mistaken beliefs about their own

risk can exceed the inefficiency created by charging premiums that are not aligned with risk.

The paper’s framework—in which agents differ in both economically meaningful ways but also

in terms of idiosyncratic factors—may also be extended to other situations. To give two examples,

workers may differ in both their objective productivity and their bilateral willingness to work for a

specific firm while firms that borrow from a bank may differ in their objective probability of default

while also differing in their willingness to pay for credit at various interest rates. These situations

may also involve the two types of heterogeneity interacting to affect market pricing and existence in

the unexpected ways demonstrated here.
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A Omitted Proofs

A.1 Proof of Proposition 3

Zero profit under competition requires

Π(R) = R− Lp− R2q

A(1 + h)
+

LR

A(1 + h)
= 0 (A.1)

Multiplying by A(1 + h),

qR2 − βR+ALp(1 + h) = 0 (A.2)

with roots

R =
β ±

√
β2 − 4ALp(1 + h)q

2q
(A.3)

Since the coefficient of R2 in the underlying profit function is negative, Π(R) is concave: it is negative

outside the two roots and strictly positive between them. Under free entry, any price in that interior

range invites undercutting — a rival can always shave the price and capture the market while still

earning a positive margin. The only price compatible with both entry and viability is the smaller root

RPC =
β −

√
β2 − 4ALp(1 + h)q

2q
(A.4)

The larger root is not a stable outcome because, at that price, cutting further still earns positive profit,

so competitive undercutting keeps pushing the price down past it, all the way to RPC .

At q = 1/p,

RPC =
β −

√
β2 − 4AL(1 + h)

2/p
=

p
[
β −

√
β2 − 4AL(1 + h)

]
2

(A.5)

Since

β2 − 4AL(1 + h) = [A(1 + h) + L]2 − 4AL(1 + h) = [A(1 + h)− L]2 (A.6)
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the square root simplifies to A(1 + h)− L, giving

RPC =
p [A(1 + h) + L−A(1 + h) + L]

2
=

2pL

2
= pL (A.7)

For monotonicity of premiums as a function of q, write the quadratic as an identity in R(q),

q [R(q)]2 − βR(q) +ALp(1 + h) = 0 (A.8)

which holds for every q. Differentiating with respect to q and setting the result to zero,

R2 + (2qR− β)
dR

dq
= 0 ⇒ dR

dq
=

R2

β − 2qR
(A.9)

By Vieta’s formula, the two roots of qR2 − βR+ALp(1+h) = 0 sum to β/q. Since RPC is the smaller

of the two, it is below their average, RPC < β/(2q), i.e. β − 2qRPC > 0, and hence dRPC/dq > 0.

For the final part of the proof, the discriminant in A.4 is non-negative provided q ≤ β2/[4ALp(1+

h)] = q0, as required. ■

A.2 Proof of Proposition 4

Aggregate demand is D(R) = 1 − Rq/[A(1 + h)], so inverse demand is R(Q) = A(1 + h)(1 − Q)/q.

Total claims cost, as a function of R, is

T (R) = E[piD(pi, R)] = p− R

A(1 + h)
(A.10)

With cost shared in proportion to output share, firm f ’s profit is

πf = R(Q)qf −
qf
Q

LT (R(Q)) (A.11)

where

Q = qf +Q−f (A.12)

Differentiating with respect to qf and imposing symmetry (Q−f = (n − 1)qf , Q = nqf ) gives a

quadratic in aggregate Q:

A(1 + h)(n+ 1)Q2 − n[A(1 + h)− L]Q+ L(n− 1)(pq − 1) = 0 (A.13)

Taking the root with the plus sign gives Q∗
n as stated. At q = 1/p, the discriminant simplifies to a

perfect square,

n2[A(1 + h)− L]2 − 4A(1 + h)(n+ 1)L(n− 1)(0) = n2[A(1 + h)− L]2 (A.14)
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given the homogeneous-risk solution

Q∗
0 = n[A(1 + h)− L]/{A[h(n+ 1) + n+ 1]} (A.15)

At n = 1, the discriminant simplifies to [A(1+h)−L]2 regardless of q (the factor n− 1 = 0 eliminates

the q-dependence entirely), and Q∗
n reduces to

Q∗
1 = [A(1 + h)− L]/[2A(1 + h)] (A.16)

the monopoly quantity in Proposition 2.

Existence. A real root of the quadratic is necessary but not sufficient for a genuine equilibrium: firms

will not operate at a price the quadratic identifies if the resulting profit is negative, since producing

zero is always available. Industry profit at any price R is

Π(R) = R[1−Rq/(A(1 + h))]− L[p−R/(A(1 + h))] (A.17)

the same function whose maximum over R is Π∗
I(q), zero exactly at q = q0 and negative for q > q0.

Since Π∗
I(q) is the maximum of Π(R) over every price, no price — including whatever the Cournot

quadratic identifies — can yield positive industry profit once q > q0. The quadratic’s own discrimi-

nant remains real up to a strictly larger threshold,

qmax(n) = 1/p+ [A(1 + h)− L]2n2/[4ALp(1 + h)(n2 − 1)] > q0 (A.18)

for every finite n, so for q ∈ (q0, qmax(n)) the quadratic still returns a mathematical root, but one

at which industry — and by symmetry, each firm’s own — profit is strictly negative: not a viable

equilibrium.

The correct existence threshold is q0 itself, for every n. At q = q0, substituting q0 = β2/[4ALp(1 +

h)] into the quadratic shows Q = Q∗
I = [A(1 + h) − L]/[2A(1 + h)] solves it exactly, independent of

n: the n-firm Cournot equilibrium coincides with the monopoly quantity itself at this boundary, not

merely with the same profit level, which is why profit is exactly zero there for every n. At q = 1/p,

industry profit simplifies to np[A(1+h)−L]2/[A(1+h)(n+1)2], which is positive since A(1+h) > L

always.

We can now show industry profit is non-negative throughout q ∈ (1/p, q0], for every n. Define

z ≡ pq, so q0 corresponds to

z0 ≡ pq0 = 1 + [A(1 + h)− L]2/[4A(1 + h)L] (A.19)
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and q ≤ q0 is equivalent to

[A(1 + h)− L]2 − 4A(1 + h)L(z − 1) ≥ 0 (A.20)

Industry profit at any quantity Q is

Π(Q) = R(Q)Q− LT (Q) (A.21)

with

R(Q) = A(1 + h)(1−Q)/q (A.22)

and

T (Q) = p− (1−Q)/q (A.23)

which simplifies to

qΠ(Q) = (1−Q)[A(1 + h)Q+ L]− Lz (A.24)

For n > 1, solving the equilibrium quadratic for z and substituting eliminates z entirely:

qΠ(Q∗
n) =

Q∗
n {2A(1 + h)Q∗

n − [A(1 + h)− L]}
n− 1

(A.25)

Writing

S ≡
√
n2[A(1 + h)− L]2 − 4A(1 + h)(n+ 1)(n− 1)L(z − 1) (A.26)

so that

Q∗
n = {n[A(1 + h)− L] + S}/[2A(1 + h)(n+ 1)] (A.27)

substitution gives

2A(1 + h)Q∗
n − [A(1 + h)− L] =

S − [A(1 + h)− L]

n+ 1
(A.28)

and

qΠ(Q∗
n) =

Q∗
n {S − [A(1 + h)− L]}

n2 − 1
(A.29)

Finally, we need to establish the sign of S − [A(1 + h)− L]. Since

S2 − [A(1 + h)− L]2 = (n2 − 1)
{
[A(1 + h)− L]2 − 4A(1 + h)L(z − 1)

}
(A.30)

condition (A.20) gives S2 ≥ [A(1+h)−L]2, and since both S ≥ 0 and A(1+h)−L ≥ 0, S ≥ A(1+h)−L.

With Q∗
n > 0 and n2 − 1 > 0, every factor in qΠ(Q∗

n) is non-negative, so Π(Q∗
n) ≥ 0 for every n > 1

and every q ≤ q0.

At n = 1 the equilibrium quadratic reduces to 2A(1 + h)Q2 − [A(1 + h)− L]Q = 0, which solves

to give the monopoly quantity derived earlier. Substituting into qΠ(Q) gives qΠ(Q∗
1) = β2/[4A(1 +
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h)] − Lz, non-negative exactly when z ≤ β2/[4A(1 + h)L] = z0 — the same condition as for n > 1.

Industry profit is therefore non-negative throughout q ∈ (1/p, q0] for every n ≥ 1.

Convergence. For the limiting premium as n increases, define β′ ≡ A(1 + h) − L and factor the

discriminant as

n2β′2 − 4A(1 + h)L(n2 − 1)(pq − 1) = n2
[
β′2 − 4A(1 + h)L(pq − 1)

]
+ 4A(1 + h)L(pq − 1) (A.31)

As n → ∞, the bracketed term dominates and the additive remainder becomes negligible relative to

it, so

√
n2[A(1 + h)− L]2 − 4A(1 + h)(n+ 1)L(n− 1)(pq − 1) ∼ n

√
β′2 − 4A(1 + h)L(pq − 1) (A.32)

Substituting this into Q∗
n and using n/(n+ 1) → 1,

Q∗
n →

β′ +
√
β′2 − 4A(1 + h)L(pq − 1)

2A(1 + h)
(A.33)

Expanding

β′2 − 4A(1 + h)L(pq − 1) = [A(1 + h)− L]2 − 4A(1 + h)L(pq − 1) = β2 − 4ALp(1 + h)q (A.34)

this limit is exactly

Q∗
n →

A(1 + h)− L+
√

β2 − 4ALp(1 + h)q

2A(1 + h)
(A.35)

which is the quantity implied by Proposition 3’s competitive premium, QPC = 1−RPCq/[A(1 + h)],

verified by direct substitution of RPC = [β −
√

β2 − 4ALp(1 + h)q]/(2q) into that expression and

simplifying. Since R∗
n = A(1 + h)(1 − Q∗

n)/q is a continuous function of Q∗
n, Q∗

n → QPC implies

R∗
n → RPC directly. ■

A.3 Proof of Proposition 5

The monopolist’s profit is

Π(x) =
1

2κ

∫ κ

−κ
(Ax− Lpi)D(δi, x) dδi (A.36)

Interior piece. For any premium x such that x ≤ p(1 − κ)(1 + h), every risk type has positive

demand strictly below 1, so the bounds in D(δi, x) do not bind and D(δi, x) = 1 − x/[pi(1 + h)]

over the entire range of integration. This case is Proposition 2 above, specialized to q = q(κ), giving

x∗I = [A(1 + h) + L]/(2Aq(κ)) and R∗
I = Ax∗I = [A(1 + h) + L]/(2q(κ)).

Truncation piece. For x > p(1−κ)(1+h), the lower bound binds for the lowest-risk types: D(δi, x) =
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0 for δi < δ̄(x) ≡ x/[p(1 + h)]− 1, and the integral runs only over [δ̄(x), κ]:

Π(x) =
1

2κ(1 + h)

∫ κ

δ̄(x)
(Ax− Lpi)

(
1 + h− x

pi

)
dδi (A.37)

Differentiating with respect to x, both the lower limit δ̄(x) and the integrand depend on x. The full

Leibniz derivative is:

dΠ

dx
=

1

2κ(1 + h)

[∫ κ

δ̄

∂

∂x

[
(Ax− Lpi)

(
1 + h− x

pi

)]
dδi

−
(
Ax− Lp(δ̄)

)(
1 + h− x

p(1 + δ̄)

)
dδ̄

dx

]
(A.38)

The boundary term vanishes: by the definition of δ̄, x/[p(1 + δ̄)] = 1 + h, so 1 + h − x/p(1 + δ̄) = 0.

The derivative inside the integral is:

∂

∂x

[
(Ax− Lpi)

(
1 + h− x

pi

)]
= A

(
1 + h− x

pi

)
+ (Ax− Lpi)

(
− 1

pi

)
= A(1 + h)− Ax

pi
− Ax

pi
+ L

= A(1 + h) + L− 2Ax

pi
(A.39)

Setting dΠ/dx = 0 and multiplying through by the constant (1 + h):∫ κ

δ̄(x)

[
A(1 + h) + L− 2Ax

p(1 + δi)

]
dδi = 0 (A.40)

An integral calculation required here is∫ κ

δ̄

dδi
1 + δi

= ln

(
1 + κ

1 + δ̄

)
(A.41)

The first-order condition therefore becomes:

[
A(1 + h) + L

]
(κ− δ̄) =

2Ax

p
ln

(
1 + κ

1 + δ̄

)
(A.42)

Both terms in this condition involve δ̄ only relative to κ, through κ − δ̄ and ln[(1 + κ)/(1 + δ̄)], sug-

gesting the marginal buyer’s boundary is best expressed as a fixed fraction of the population’s ceiling

1 + κ. Defining cM as this ratio,

cM ≡ 1 + δ̄

1 + κ
, cM ∈ (0, 1) (A.43)

gives

κ− δ̄ = (1− cM )(1 + κ) (A.44)
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and

ln[(1 + κ)/(1 + δ̄)] = − ln cM (A.45)

The same substitution, via the definition δ̄(x) ≡ x/[p(1 + h)]− 1, pins down the candidate premium

itself:

x = p(1 + h)cM (1 + κ) (A.46)

so

2Ax/p = 2A(1 + h)cM (1 + κ) (A.47)

Substituting all three pieces into the first-order condition gives

[
A(1 + h) + L

]
(1− cM )(1 + κ) = 2A(1 + h)cM (1 + κ)(− ln cM ) (A.48)

Canceling (1+κ) > 0 and substituting B ≡ [A(1+h)+L]/[2A(1+h)] (so A(1+h)+L = 2A(1+h)B):

2A(1 + h)B(1− cM ) = 2A(1 + h)cM (− ln cM ) (A.49)

Dividing through by 2A(1 + h) gives B(1− cM ) = −cM ln cM .

Existence and uniqueness of cM . Let

ϕ(c) ≡ B(1− c) + c ln c (A.50)

so that cM which solves B(1− cM ) = −cM ln cM is equivalent to ϕ(cM ) = 0.

Direct substitution gives that ϕ(1) = 0: c = 1 is always a root, corresponding to the trivial case in

which no truncation occurs. As c → 0+, ϕ(c) → B > 0. And ϕ′(1) = 1− B, which is strictly positive

whenever A(1 + h) > L since this makes B = 1
2 + L/[2A(1 + h)] < 1; so ϕ is increasing at c = 1,

meaning ϕ(c) < 0 immediately to the left of 1. Combined with ϕ(0+) = B > 0, the intermediate value

theorem gives a root strictly inside (0, 1). Since ϕ′′(c) = 1/c > 0 for all c > 0, ϕ is strictly convex, and

a strictly convex function can cross zero at most twice; having already done so once at c = 1, there is

exactly one further root, which is cM .

This root has a closed form, cM = −B/W−1(−Be−B), where W−1 is the lower real branch of the

Lambert W function (Corless et al., 1996); the other real branch, W0, returns the trivial root c = 1.

Solution with truncation. Since pi = p(1+ δi) and 1+ δ̄ = cM (1+κ), the marginal purchasing type’s

risk level is p̄ = cMp(1 + κ), and the solution on this piece is

x∗II = (1 + h)cMp(1 + κ) (A.51)

R∗
II = Ax∗II = A(1 + h)cMp(1 + κ) (A.52)
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Continuity. At κ = κ∗, the interior solution x∗I satisfies x∗I = p(1 − κ)(1 + h) by definition of the

threshold: this is exactly the boundary at which the lowest-risk type’s demand reaches zero. At

this same point, the lower-truncation regime’s marginal purchasing type p̄(x) = x/(1 + h) equals

p(1 − κ), so the truncation regime’s domain of integration [δ̄(x), κ] converges to the full support

[−κ, κ] used in the interior regime. Since both pieces of Π(x) are defined by the same integrand

(Ax − Lpi)(1 + h − x/pi), merely over domains that coincide in the limit, the two profit functions

agree at this shared boundary point.

Existence and uniqueness of κ∗. By definition, κ∗ is the value of κ at which the interior threshold

equals the price that excludes the lowest-risk type:

x∗I(κ
∗) = p(1− κ∗)(1 + h) (A.53)

The right-hand side, p(1 − κ)(1 + h), is the exact price at which the cheapest-to-insure consumer in

the population — the lowest-risk type, with pi = p(1− κ) — would stop buying altogether: demand

D(δi, x) = 1−x/[pi(1+h)] reaches zero exactly when x = pi(1+h). As risk heterogeneity κ rises, the

interior premium falls (Jensen’s inequality, as in Proposition 2 above), but the threshold p(1−κ)(1+h)

falls faster, so the two must eventually cross. κ∗ is exactly that crossing point.

Substituting x∗I(κ) = [A(1 + h) + L]/(2Aq(κ)) into the defining condition, then cancelling p and

clearing denominators, gives

κ∗ [A(1 + h) + L] = A(1− κ∗)(1 + h) ln

(
1 + κ∗

1− κ∗

)
(A.54)

Define

f(κ) ≡ A(1− κ)(1 + h) ln

(
1 + κ

1− κ

)
− κ [A(1 + h) + L] (A.55)

so that κ∗ is a root of f . f(0) = 0 trivially. Near κ = 0, using ln[(1 + κ)/(1− κ)] ≈ 2κ for small κ,

f(κ) ≈ κ
[
2A(1 + h)−A(1 + h)− L

]
= κ

[
A(1 + h)− L

]
(A.56)

which is positive whenever A(1 + h) > L — the same condition that makes full insurance worth

offering at all. So f is positive just above κ = 0. As κ → 1−, the term (1 − κ) ln[(1 + κ)/(1 − κ)] → 0

while −κ[A(1 + h) + L] → −[A(1 + h) + L] < 0, so f(κ) → −[A(1 + h) + L] < 0. By continuity, f has

at least one root in (0, 1).

Differentiating f twice,

f ′′(κ) =
4A(1 + h)

(κ− 1)(κ+ 1)2
(A.57)

For κ ∈ (0, 1), κ − 1 < 0 while (κ + 1)2 > 0 and A(1 + h) > 0, so f ′′(κ) < 0 throughout: f is strictly

concave on (0, 1), so f ′ is strictly decreasing there and can equal zero at most once. This means the
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solution described above is unique. ■

A.4 Implications of Proposition 5

Corollary 1. For κ ≤ κ∗, R∗(κ) is strictly decreasing in κ.

Proof. R∗
I(κ) = [A(1 + h) + L]/(2q(κ)) is decreasing in q, so it suffices that q = E[1/pi] is strictly

increasing in κ. Since 1/pi is strictly convex in pi, a mean-preserving spread of pi — an increase in κ

holding p fixed — strictly raises E[1/pi] by Jensen’s inequality. ■

Corollary 2. For κ > κ∗, R∗(κ) is linear and strictly increasing in κ, coinciding with the interior branch at
κ = κ∗.

Proof. B ≡ [A(1 + h) + L]/[2A(1 + h)] does not depend on κ, so cM — the solution of B(1 − cM ) =

−cM ln cM — does not depend on κ either. Hence R∗
II(κ) = A(1 + h)cMp(1 + κ) is linear and strictly

increasing in κ. Combined with Corollary 1 and continuity at κ∗, R∗(κ) falls on (0, κ∗) and rises on

(κ∗, 1), with its minimum at κ∗. ■

Corollary 3. The level of R∗(κ) is continuous at κ∗ (established in the Proposition), but its slope is not: the
left- and right-derivatives differ. Maximized profit Π∗(κ), by contrast, is continuous in both level and slope
at κ∗ — an envelope-theorem result: since x∗I and x∗II coincide at the boundary and the two regimes share the
same profit integrand there, the direct effect of κ on profit at the optimum is identical on both sides, even though
the optimal premium’s own sensitivity to κ is not.

Proof. On the interior side, R∗
I = [A(1 + h) + L]/(2q) depends on κ entirely through q(κ). On the

truncation side, R∗
II = A(1 + h)cMp(1 + κ) depends on κ entirely through the population’s highest

risk level, p(1 + κ), since cM does not vary with κ (Corollary 2), and dR∗
II/dκ = A(1 + h)cMp is a

constant. These are two structurally different functions of κ, each continuous and differentiable on

its own domain, that happen to take the same value at κ∗ but have no reason to share a derivative

there.

Profit’s slope, by contrast, is continuous. Since Π∗(κ) is profit maximized over x, the envelope

theorem implies dΠ∗/dκ depends only on the direct effect of κ on the profit integrand at the optimal

x∗, not on how x∗ responds to κ and the direct effect is identical on both sides of κ∗. ■

Corollary 4. Proposition 2 already showed that pooled monopoly quantity does not depend on q, hence not on
κ, throughout the interior regime. Once truncation excludes the lowest-risk types, this no longer holds:

Q∗
II(κ) =

(1 + κ) [(1− cM ) + cM ln cM ]

2κ
(A.58)

and quantity falls in κ.

Proof. Substituting x∗II(κ) into D(δi, x) and averaging only over the purchasing types, δi ∈ [δ̄(κ), κ],

gives Q∗
II(κ) = (1+κ)[(1− cM )+ cM ln cM ]/(2κ), which falls in κ. This agrees with the interior value
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from Proposition 2 at κ∗, by the same shared-integrand argument used to establish continuity of R∗

and Π∗ above. ■

Corollary 5. The profit rate on premiums actually accepted, Π∗
II(κ)/[R

∗
II(κ)Q

∗
II(κ)], does not depend on κ

for κ > κ∗:
Π∗

II(κ)

R∗
II(κ)Q

∗
II(κ)

=
(1− cM ) [AcM (1 + h)− L]

2AcM (1 + h) [(1− cM ) + cM ln cM ]
(A.59)

Proof. This follows from how the truncated regime scales with κ. The marginal purchasing type’s

risk level is pinned to cMp(1+κ) — a fixed fraction cM of the population’s highest possible risk level

p(1+κ), and that fraction does not itself move with κ (Corollary 2). As κ grows, the truncated regime

therefore does not change shape; the whole problem rescales with the population’s upper risk bound.

The algebra confirms this directly. Multiplying premium and quantity,

R∗
II(κ)Q

∗
II(κ) = A(1 + h)cMp(1 + κ)

(1 + κ) [(1− cM ) + cM ln cM ]

2κ

=
AcMp(1 + h)(1 + κ)2 [(1− cM ) + cM ln cM ]

2κ
(A.60)

and, from the definition of profit on this piece,

Π∗
II(κ) =

p(1− cM ) [AcM (1 + h)− L] (1 + κ)2

4κ
(A.61)

Both expressions carry the identical factor p(1 + κ)2/κ, which cancels exactly on division:

Π∗
II(κ)

R∗
II(κ)Q

∗
II(κ)

=
(1− cM ) [AcM (1 + h)− L] /4

AcM (1 + h) [(1− cM ) + cM ln cM ] /2
=

(1− cM ) [AcM (1 + h)− L]

2AcM (1 + h) [(1− cM ) + cM ln cM ]
(A.62)

which is the stated formula, with no κ remaining anywhere in it. ■

A.5 Proof of Proposition 6

κtrunc,C has no closed form. Solving it numerically for p = 0.10, L = 0.05, ρ = 2.0 gives κtrunc,C ≈
0.474 (h = 1), rising to ≈ 0.810 (h = 4.5). For κ > κtrunc,C , the relevant profit function is exactly Π(x)

from the truncation piece of Proposition 5’s proof, here set to zero rather than maximized:∫ κ

δ̄(x)
(Ax− Lpi)

(
1 + h− x

pi

)
dδi = 0 (A.63)

Substituting the candidate solution x = (1+h)cp(1+κ) and simplifying, using L = (2B−1)A(1+h),

gives an equation independent of κ:

2c2 ln c− (2B + 1)c2 + 4Bc− 2B + 1 = 0 (A.64)
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This does not have a closed-form solution but c = 1 is always a root: this is the trivial solution at

which δ̄ = κ, so no one buys and both revenue and cost are zero. The genuine solution is a second

root cC ∈ (0, 1), giving RPC(κ) = A(1 + h)cCp(1 + κ) as stated.

Existence. The maximum profit achievable in the truncated regime is Π∗
II(κ) from Proposition 5

— the monopolist’s truncated-regime profit, using monopoly’s constant cM (from B(1 − cM ) =

−cM ln cM ), since it is the same profit function. Whenever AcM (1 + h) > L, Π∗
II(κ) > 0 for every

κ ∈ (0, 1) (Proposition 5). Since the truncated profit function is continuous, equals zero at c = 1,

and rises to a strictly positive maximum before returning to zero, it crosses zero exactly once on the

ascending side, at RPC(κ), for every κ.

Fraction Insured. The marginal participating type is δ̄(κ) = cC(1 + κ)− 1, giving

Share(κ) = (κ− δ̄(κ))/(2κ) = (1 + κ)(1− cC)/(2κ) (A.65)

Evaluating this at κ = 1 gives 1− cC , which is strictly positive since cC < 1. ■

A.6 Proof of Proposition 7

As with the truncated regime of Propositions 5 and 6, the marginal purchasing type is pinned down

by 1 + δ̄ = c(1 + κ) for some c ∈ (0, 1), giving x(c) = (1 + h)cp(1 + κ) and R(c) = Ax(c). Integration

gives

Q(c) =
(1 + κ) [(1− c) + c ln c]

2κ
(A.66)

TotalCost(c) =
Lp(1 + κ)2(1− c)2

4κ
(A.67)

the first matching Q∗
II(κ) from Proposition 5 exactly, as it must, since aggregate demand does not

depend on market structure. Firm f ’s profit is

πf = qfR(c)− (qf/Q(c))TotalCost(c) (A.68)

with c determined implicitly by

Q(c) = qf +Q−f (A.69)

Differentiating with respect to qf via the implicit function theorem and imposing symmetry (Q(c) =

nqf ) gives a transcendental first-order condition in c. The factor (1 − c) + c ln c divides out, corre-

sponding to the trivial equilibrium in which no one buys. The remaining factor, after substituting

L = (2B − 1)A(1 + h) and dividing by A(1 + h), is

n ln(c)
[
2c2 ln c− (2B + 1)c2 + 4Bc− 2B + 1

]
+Rem(c) = 0 (A.70)
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where

Rem(c) ≡ 4B(c− 1)2 + 2B ln(c)(1− c2) + 2c2 ln2 c− ln(c)(3c− 1)(c− 1) (A.71)

This does not have a closed-form solution but at n = 1 it reduces to B(1 − c) = −c ln c, which is

Proposition 5’s monopoly condition.

Dividing by n and taking n → ∞, the term Rem(c)/n → 0, leaving

ln(c)
[
2c2 ln c− (2B + 1)c2 + 4Bc− 2B + 1

]
= 0 (A.72)

since ln(c) ̸= 0 for c ̸= 1, this requires 2c2 ln c− (2B+1)c2+4Bc− 2B+1 = 0, exactly Proposition 6’s

competitive equation. Both limits were additionally verified numerically: at h = 1, p = 0.10, L = 0.05

and ρ = 2.0, cn → 0.5594 (monopoly’s own value) as n → 1 and cn → 0.3566 (matching cC) as

n → 100,000. ■

A.7 Objective Welfare Measures

A consumer (i, j) has true risk pi = p(1+δi) and belief pi(1+νj), νj ∼ U [−1, h], and buys full coverage

at premium Ri whenever νj > Ri/(Api) − 1, where Ri may differ across risk groups, as under risk-

based pricing, or be the same for every group, as under pooled pricing. The objective welfare metric

evaluates a buyer’s surplus at true risk: if they buy, their contribution to social surplus is Api − Ri,

and 0 otherwise, regardless of the belief that led them to purchase. We will define θ ≡ A(1 + h)− L.

A.7.1 Demand and Aggregate Welfare Criteria

A buyer in group i purchases whenever Api(1 + νj) ≥ Ri, i.e. whenever νj ≥ Ri/(Api) − 1. The

fraction of group i that buys is therefore

Di(Ri) =

∫ h

Ri/(Api)−1

dν

1 + h
= 1− Ri

Api(1 + h)
(A.73)

Averaging the per-group welfare formulas of Section 5.1 over the population of risk groups with

δi ∼ U [−κ, κ] requires the following two moments

µ1 ≡ E[Ri], µ2 ≡ E

[
R2

i

pi

]
(A.74)

both taken as averages across risk groups, not across individual buyers. In terms of µ1 and µ2 alone,

aggregate consumer surplus, profit, and welfare are

CS(µ1, µ2) = Ap− µ1 −
µ1

1 + h
+

µ2

A(1 + h)
(A.75)
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Π(µ1, µ2) = µ1 −
µ2

A(1 + h)
− Lp+

Lµ1

A(1 + h)
(A.76)

W (µ1, µ2) = CS(µ1, µ2) + Π(µ1, µ2) = (A− L)

[
p− µ1

A(1 + h)

]
(A.77)

Objective welfare, (A.77), depends only on µ1: aggregate objective welfare is linear in the mean

premium alone, with µ2 — and hence the dispersion or correlation structure of Ri across groups —

mattering only for how this total is split between consumer surplus and profit, not for its size. Setting

Π(µ1, µ2) = 0 and µ1 = RPC recovers WPool
C under pooled competition; setting µ1 = pβ/2 recovers

WRB
M under risk-based monopoly; and so on for the other cases reported in the text.

A.7.2 Profit Comparison Under Monopoly

Under pooled monopoly, the premium is R∗ = β/[2q(κ)], while under risk-based pricing the monop-

olist charges Ri = piβ/2. The corresponding values of µ2 are

µPool
2 =

β2

4q(κ)
µRB
2 =

pβ2

4
(A.78)

so that profits under pooling minus profits under risk-based pricing, using Π(µ1, µ2) above, are

ΠPool
M −ΠRB

M = −
(
pq(κ)− 1

)
β2

4A(1 + h) q(κ)
(A.79)

which is strictly negative for κ > 0 in the interior region. The monopolist loses profits due to lower

pricing flexibility. This shows that the gain in welfare reported in the text is all due to the increase in

consumer surplus offsetting falling profits.

A.8 Subjective Welfare Measures

An alternative approach is to assess subjective welfare, evaluating a buyer’s surplus using their own

belief: if they buy, their contribution to the total subjective surplus is Api(1 + νj)−Ri.
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A.8.1 Welfare Criteria by Risk Group

Integrating perceived surplus Api(1 + ν)−Ri over buyers,

CSperceived
i (Ri) =

∫ h

Ri/(Api)−1

(
Api(1 + ν)−Ri

1 + h

)
dν

=
1

1 + h

[
Apiν +

Apiν
2

2
−Riν

]h
Ri/(Api)−1

=
1

1 + h

[(
Apih+

Apih
2

2
−Rih

)
−
(
−Api

2
− R2

i

2Api
+Ri

)]
=

Api(1 + h)

2
−Ri +

R2
i

2Api(1 + h)
(A.80)

Adding profit, Πi(Ri), from Section 5.1, subjective welfare is

W perceived
i (Ri) = CSperceived

i (Ri) + Πi(Ri) = pi

[
A(1 + h)

2
− L

]
+

LRi

A(1 + h)
− R2

i

2Api(1 + h)
(A.81)

which is strictly concave in Ri.

A.8.2 Aggregate Welfare Criteria

Averaging over the population of risk groups requires the same two moments, µ1 ≡ E[Ri] and

µ2 ≡ E[R2
i /pi], defined in Appendix A.7.1. In terms of µ1 and µ2, aggregate subjective consumer

surplus and welfare are

CSperceived(µ1, µ2) =
Ap(1 + h)

2
− µ1 +

µ2

2A(1 + h)
(A.82)

W perceived(µ1, µ2) = CSperceived(µ1, µ2) + Π(µ1, µ2) (A.83)

using Π(µ1, µ2) from Appendix A.7.1. Unlike the objective case, W perceived depends on both µ1 and

µ2: because the subjective welfare function is concave rather than linear in the premium, the disper-

sion of Ri across risk groups matters for the total, not only for how it is split between consumers and

the insurer.

A.8.3 Pooled and Risk-Based Pricing

Under pooled pricing, µ1 = R and µ2 = R2q(κ); substituting R = RPC (Proposition 6) or R = R∗ =

β/[2q(κ)] (Proposition 2) gives the pooled competitive and monopoly results used below. Under risk-

based competition, Ri = piL gives µ1 = pL, µ2 = pL2, and ΠRB
C = 0 trivially, since Ri − Lpi = 0 for
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every group; substituting into CSperceived(µ1, µ2) and completing the square gives

CSRB,perceived
C =

Ap(1 + h)

2
− pL+

pL2

2A(1 + h)
=

p
[
A(1 + h)− L

]2
2A(1 + h)

=
pθ2

2A(1 + h)
(A.84)

Under risk-based monopoly, Ri = piβ/2 gives µ1 = pβ/2, µ2 = pβ2/4 and substituting these gives

CSRB,perceived
M =

pθ2

8A(1 + h)
(A.85)

WRB,perceived
M =

3pθ2

8A(1 + h)
(A.86)

which is the standard monopoly-welfare fractional relationship under linear demand.

A.8.4 Welfare and Consumer Surplus Comparisons

Both comparisons below are Pool minus RB, so a positive sign means pooling raises the relevant

measure and a negative sign means pooling lowers it.

Competition. Zero profit, Π(R) = 0, rearranges to R2q(κ) = Rβ−LpA(1+h); substituting this into

CSperceived(R) eliminates its quadratic term at the zero-profit price RPC , giving

CSPool,perceived
C =

θ

2

[
p− RPC

A(1 + h)

]
(A.87)

Since ΠPool
C = ΠRB

C = 0, welfare equals consumer surplus in both cases, so subtracting CSRB,perceived
C

above gives a closed form directly:

WPool,perceived
C −WRB,perceived

C = CSPool,perceived
C − CSRB,perceived

C =
θ
(
pL−RPC

)
2A(1 + h)

(A.88)

As with the objective comparison in Section 5.2, this is determined by pL − RPC , so total subjective

welfare is lower under pooling than risk-based pricing whenever risk is heterogeneous.

Monopoly. Under pooled monopoly, µ1 = β/[2q(κ)] and µ2 = β2/[4q(κ)]. Substituting these into

CSperceived(µ1, µ2) and W perceived(µ1, µ2), and subtracting the risk-based benchmarks above, the con-

sumer surplus difference factors as

CSPool,perceived
M − CSRB,perceived

M =

(
pq(κ)− 1

)
β
[
3A(1 + h)− L

]
8A(1 + h) q(κ)

(A.89)
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Since 3A(1 + h) − L > A(1 + h) − L > 0 always (given A(1 + h) > L, assumed throughout), this is

strictly positive for all κ > 0: subjective consumer surplus alone rises from pooling under monopoly

unconditionally.

The welfare difference collects into a term free of q(κ) and a term proportional to 1/q(κ), which

factor identically, but with 3A(1 + h)− L replaced by the smaller quantity A(1 + h)− 3L:

WPool,perceived
M −WRB,perceived

M =

(
pq(κ)− 1

)
β
[
A(1 + h)− 3L

]
8A(1 + h) q(κ)

(A.90)

Unlike the consumer surplus result, this is only positive when A(1 + h) > 3L; when A(1 + h) < 3L,

pooling raises consumer surplus but can reduce profits by more than this when A(1 + h) < 3L.

B Numerical Methods for the Distributional Robustness Check

Figure 9 shows monopoly premiums with both pi and νj distributed as truncated Normal distribu-

tions instead of the paper’s main specification, δi ∼ U [−κ, κ] and νj ∼ U [ℓ, h]. The distributions

are truncated at pi > 0 and νj > −1 respectively, since neither a negative objective risk nor a sub-

jective probability below zero is economically meaningful. Both truncated Normal distributions are

constructed so that their own post-truncation mean and variance exactly match the corresponding

uniform case’s mean and variance, for the same κ and h.

Solving for the “parent” Normal’s parameters. For a target mean and variance (µ, σ2) and a one-

sided truncation point a, the parent Normal parameters (µp, σp) are found by solving the two-equation

system given by the standard truncated Normal moment formulas

µ = µp + σpλ(α), σ2 = σ2
p

[
1− λ(α)

(
λ(α)− α

)]
, α ≡ a− µp

σp
, λ(α) ≡ ϕ(α)

1− Φ(α)
(B.91)

where ϕ and Φ are the standard Normal density and distribution function and λ(α) is the inverse

Mills ratio. This system is solved numerically via Newton’s method with a numerical Jacobian,

starting from the target mean and standard deviation as an initial guess. For risk, the target is

(µ, σ2) = (1, κ2/3) (matching δi ∼ U [−κ, κ]’s own moments, applied to pi/p) with a = 0; for be-

lief, the target is
(

1+h
2 ,

[
1+h√
12

]2)
(matching νj ∼ U [−1, h]’s own moments) with a = −1.

Risk-side quadrature. Quadrature nodes and weights for the truncated Normal risk distribution are

obtained via an inverse-CDF method: 100-point Gauss-Legendre nodes on [−1, 1] are mapped onto

the probability scale (0, 1), then passed through the truncated Normal’s own quantile function, using

the solved parent parameters.

Belief-side specification. Demand at a given premium R and risk realization pi is the truncated

Normal survival function of νj , evaluated at the implied belief cutoff R/(Api) − 1: the untruncated



53

Normal survival function divided by the constant 1−Φ
(
−1−µp

σp

)
, the total probability mass retained

above the truncation point, using belief’s own solved parent parameters.

Profit maximization. For each (κ, h), the monopolist’s premium is found by univariate maximization

of Π(R) = R
∑

k wkDk(R) − L
∑

k wkpkDk(R) over the risk quadrature nodes k, using a bounded

Brent search method.

Grid. κ ∈ [0, 0.8] (200 points) for each of h ∈ {1, 1.5, 2, . . . , 4.5} (8 values). The upper bound of 0.8 is

capped, as elsewhere in the paper, to keep every consumer’s perceived loss probability below one;

see the discussion in Section 4.


